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Because agents in multi-agent systems (MAS) are often assumed to act rationally
based on self interest, it seems appropriate to study such systems from an economic perspective. In particular, agents' strategies (and their outcomes) must be taken into account.
On one hand, these issues have been studied extensively in game theory. On the other hand,
formal logic is widely regarded as a foundation for specication, verication and reasoning
about MAS. In this course, we study logical formalisations of games and agents in game-like
scenarios.
Overview.

The course alternates between two main tracks. The rst is focused on Alternating-time
Temporal Logic (ATL), one of the most prominent logics of cooperation and strategic ability. We introduce ATL, show its relationship to extensive games of perfect information,
and discuss some important extensions of the logic, e.g. with uncertainty and/or rationality
assumptions. In particular, we focus on imperfect information and the integration of strategic and epistemic modalities. The second track regards logical characterisations of game
theoretic solution concepts, using dierent modal logics.
Some basic familiarity with modal logic and game theory is assumed. Knowledge of epistemic and temporal logic, and game-theoretic solution concepts is a pro, but it
is not required.
Background.

The course consists of 10 lectures, 2 per day, each 40 minutes long (with a 10
minutes break between them). A preliminary program is given below.
Program.

1.

Introduction.

Multi-agent systems. Modal logic. Epistemic logic. Axioms and
systems of modal logic. Correspondence theory.

2.

Coalition logic.

3.

ATL.

4.

More about ATL.

5.

Strategic reasoning for imperfect information (part I).

Strategic games and coalition logic (CL). Axiomatisation of CL.

Multi-step games and alternating-time temporal logic (ATL).

strategies.

Axiomatisation; bisimulation; the role of memory; revocability of

Strategic reasoning for
imperfect information scenarios. Problems with ATEL. Economic solution: ATLir.
1

6. Strategic reasoning for imperfect information (part II). General solution: CSL.
Properties of constructive knowledge. Semantics for constructive normal form.
7. Characterising solution concepts. Non-cooperative games: characterising solution
concepts in modal logic.
8. Reasoning about rational play. Reasoning about rational play in ATLP. Temporalized solution concepts.
9. Axiomatisation of coalitional games (part I). Cooperative games. Examples of
games. Solution concepts. Axiomatisation in modal logic.
10. Axiomatisation of coalitional games (part II). Axiomatisation of coalitional
games: completeness proof.

See the following individual lecture notes for references to reading material. Some material
will be distributed as hand-outs at the course. Publications which may be of particular
interest are:
1. W. van der Hoek and M. Pauly. Modal logic for games and information. In P. Blackburn, J. van Benthem, and F. Wolter, editors, Handbook of Modal Logic, pages 1077
1148. Elsevier Science Publishers B.V.: Amsterdam, The Netherlands, 2006.
2. R. Alur, T. A. Henzinger, and O. Kupferman. Alternating-time Temporal Logic.
Journal of the ACM, 49:672713, 2002. Available at http://www.eecs.berkeley.
edu/~tah/Publications/alternating-time_temporal_logic.html.
3. W. Jamroga and T. Ågotnes. Constructive knowledge: What agents can achieve
under incomplete information. Journal of Applied Non-Classical Logics, 17(4):423
475, 2007. Available at http://www2.in.tu-clausthal.de/~wjamroga/research.
php#publications.

More course material, including updated notes, exercises, slides, and references
will be placed on the course website:

http://www2.in.tu-clausthal.de/~wjamroga/courses/GamesMAS2008ESSLLI/
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Lecture 1: Multi-agent systems and modal logics

The rst lecture serves as an introduction of some fundamental concepts that we are going
to use throughout this course.

Multi-agent systems. Multi-agent systems (MAS ) are systems that involve several autonomous entities acting in the same environment. The entities are called agents. What is
an agent? Despite numerous attempts to answer this question, there seems to be no conclusive denition. We argue that MAS are, most of all, a philosophical metaphor that induces a
specic way of seeing the world, and makes us use agent-oriented vocabulary when describing the phenomena we are interested in. Thus, while some researchers present multi-agent
systems as a new paradigm for computation or design, we believe that primarily multi-agent
systems form a new paradigm for thinking and talking about the world, and assigning it
a specic conceptual structure. The metaphor of a multi-agent system seems to build on
the intuition that we are agents  and that other entities we study can be just like us to
some extent. The usual properties of agents, like autonomy, pro-activeness etc., seem to be
secondary: they are results of an introspection rather than primary assumptions we start
with.
We note that this view of multi-agent systems comes close to the role of logic in both
philosophy and computer science.

Logic provides conceptual structures for modeling and

reasoning about the world in a precise manner  and, occasionally, it also provides tools to
do it automatically.

References: [Weiss, 1999; Wooldridge, 2002].
Modal logic. Modal logic is an extension of classical logic with new operators
and

p

♦

(possibility ):

p

means that

p

is true in every possible scenario, while

is true in at least one possible scenario. Let

Π

 (necessity )
♦p means that

be the set of atomic propositions. Models

of modal logics are called Kripke structures or possible world models, and include the set
of possible worlds (or states)
interpretation of propositions

St, modal accessibility relation(s) R1 , ..., Rk ⊆ St × St,
π : Π → 2St . Now, for a model M and world q in M:

M, q |= i ϕ

i

M, q ′ |= ϕ

for all

q′

M, q |= ♦i ϕ

i

M, q ′ |= ϕ

for some

such that

q′

and

qRi q ′

such that

qRi q ′

The actual accessibility relation can capture various dimensions of the reality (and therefore
gives rise to dierent kinds of modal logics):

doxastic logic ), obligations (
logic ) etc.

knowledge (

deontic logic ), actions (

epistemic logic ), beliefs (

dynamic logic ), time (

temporal

In particular, various aspects of agents (and agent systems) can be naturally

captured within this generic framework.

References: [Blackburn et al., 2001].
Reasoning about knowledge. The basic epistemic logic which we consider here involves
modalities for individual agent's knowledge

ϕ.

Ki ,

with

Ki ϕ

interpreted as  agent

i knows that

Additionally, one can consider modalities for collective knowledge of groups of agents:

3

mutual knowledge (EA ϕ:  everybody
 all the agents in

A

to recognize that

ϕ,

know that

knowledge (DA ϕ:  if

ϕ).

A

in group

knows that

ϕ),

common knowledge (CA ϕ:

and they know that they know it etc.), and

distributed

the agents could share their individual information, they would be able

Note that

EA ϕ ≡

V

i∈A Ki ϕ, and hence the operators for mutual

knowledge can be omitted from the language.
The formal semantics for the logic is based on multi-agent epistemic models of the type

hSt, ∼1 , ..., ∼k i, π , where St is a set of epistemic states, π is a valuation of propositions, and
each ∼i ⊆ St × St is an equivalence relation that denes the indistinguishability of states for
agent i. Operators Ki are provided with the usual Kripke semantics given by the clause:
M, q |= Ki ϕ

i

M, q ′ |= ϕ

The accessibility relation corresponding to
of

EA

for all

q′

such that

EA is dened as ∼E
A=

becomes

M, q |= EA ϕ
Common knowledge
transitive closure of

CA
∼E
A:

M, q ′ |= ϕ

for all

q′

knowledge

i

DA

M, q ′ |= ϕ

for all

q′

S

such that

is given semantics in terms of the

M, q |= CA ϕ
Finally, distributed
T
i∈A ∼ i , following

i

q ∼i q ′
i∈A

∼i , and the semantics

′
q ∼E
A q .

relation

such that

∼C
A

dened as the

′
q ∼C
A q .

is given semantics in terms of the relation

∼D
A

dened as

the same pattern:

M, q |= DA ϕ

i

M, q ′ |= ϕ

for all

q′

such that

′
q ∼D
A q .

In the lecture we mention some axiomatic properties of knowledge, and the correspondence
between these axioms and structural properties of models.

We also briey discuss the

logical omniscience problem, which is one of the main obstacles when modeling realistic
(i.e., resource-bounded) agents with modal logic. Interestingly, this problem is inherent to
programming epistemic states via logic programs, too.
References: [Fagin et al., 1995; Halpern, 1995; van der Hoek and Verbrugge, 2002].
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Lecture 2: Coalition logic
Interactions between autonomous and rational agents acting
strategically have been extensively studied in the eld of game theory. The models used
in game theory can be categorised into two types: non-cooperative games, in which the
possible actions of individual players are taken as primitives, and coalitional (or cooperative ) games, in which the possible joint actions of groups of players are taken as primitives.
Don't be fooled by the terminology: both types of games can be used to reason both about
cooperation and coalitions.
Strategic form games.

In the lecture we briey introduce the most important models of the non-cooperative theory.
Solution concepts for these games will be discussed in lecture 7, and coalitional games and
their solution concepts in lectures 9 and 10.
A standard model in non-cooperative game theory is that of a strategic game. In a strategic
game, it is assumed that each agent chooses her future actions (her strategy) once and for
all at the beginning of the game, and that all agents do this simultaneously. Formally, a
strategic game is a tuple G = (N, {Σi : i ∈ N }, o, S, {i : i ∈ N }) where N is the set of
agents, S is a set of states, Σi is the set of actions (or strategies) available to agent i, o
associates an outcome state o(a1 , . . . , an ) ∈ S with every tuple of actions (a1 , . . . , an ) ∈
×i∈N Σi , and i ⊆ S × S is a preference relation (complete, reexive, transitive) over the
outcome states for agent i. Leaving out the preference relations, we get a strategic game
form G = (N, {Σi : i ∈ N }, o, S).
Henceforth, a coalition is simply a group of agents. An eectivity
function models the powers agents can obtain by forming coalitions. Given a set of states
X , we can say that a coalition C is eective for X if C can cooperate to ensure that the

Cooperation in games.

outcome will lie in X . Formally, an eectivity function for a set of players N over a set of
states S is a function
E : ℘(N ) → ℘(℘(S))

giving the sets of outcomes E(C) for which each coalition C is eective. A game frame
induces an eective function as follows:

X ∈ EG (C) ⇔ ∃σC ∀σN \C o(σC , σN \C ) ∈ X
 the class of eectivity functions induced from game frames in this way are called
(called α-eectivity functions in social choice theory).

playable

Modal logics of strategic ability form one of the elds where logic and
game theory can successfully meet. Marc Pauly's Coalition Logic (CL) formalises reasoning
about the abilities of coalitions. The language of CL extends propositional logic with a
modality [C] for each coalition C . The intended meaning of [C]ϕ is that C can make ϕ
come about.
Coalition Logic.

Formally, the language is interpreted over

coalition models

M = (S, E, V )
where S is a set of states, V : Π → 2S an interpretation of atomic propositions Π in the
states, and
E : S → (℘(N ) → ℘(℘(S)))
5

is a function such that for each s ∈ S , E(s) is a playable eectivity function. The interpretation of the main construct of the language in a state s in a coalition model M is dened
as follows:
M, s |= [C]φ ⇔ φM ∈ E(s)(C)

where φM = {s ∈ S : M, s |= φ}.
Observe from the discussion above that the sentences of Coalition Logic can alternatively
and equivalently be seen as statements about strategic games (game forms).
In addition to introducing the language and semantics of CL, we will discuss its axiomatisation and mention other meta-logical properties.
References:

[Pauly, 2001; Osborne and Rubinstein, 1994] .
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Lecture 3: ATL
Alternating-time Temporal Logic (ATL)

is one of the most important logic of time and

strategies that has emerged in recent years. ATL is a generalization of the branching time
temporal logic CTL (Coalition Tree Logic), in which path quantiers (E: there is a path,

A: for every path) are replaced with strategic quantiers hhAii . The formula hhAiiϕ, where
A is a coalition of agents, expresses the claim that A has a collective strategy to enforce ϕ.
g (in the next state), 
Moreover, ATL formulas include the usual temporal operators:
(always from now on), ♦ (sometime in the future), and U (until).

atl,

Several semantics have been introduced for

game structures (CGS )

of which the one based on

concurrent

is perhaps the most popular. A concurrent game structure M =
hAgt, St, Act, d, o, πi includes: a nonempty nite set of agents Agt = {1, ..., k}; a nonempty
set of global states St of the system; a set of (atomic) actions Act; function d : Agt × St →
2Act dening the set of actions available to an agent in a state; a valuation of propositions
π : St → 2Π ; and o is a (deterministic) transition function which assigns the outcome state
q ′ = o(q, α1 , . . . , αk ) to state q and a tuple of actions hα1 , . . . , αk i that can be executed by
Agt in q . Note that, as concurrent game structures do not allow to represent any kind of
uncertainty, ATL can be seen as a logic for reasoning about agents with

perfect information

about the current state of the game.
A

strategy

of agent

a

is a conditional plan that species what

a

is going to do for every

`possible situation'. For an agent with no implicit recall of the past, a strategy can be thus
represented by function

sa : St → Act

a valid choice of action for each
would be

sa : St+ → Act

choice of action for each

A

state

such that

history

such that

sa (q) ∈ da (q),

of the system.

For agents with perfect recall, this

sa (q0 q1 ...qi ) ∈ da (qi ),

of the game. A

is a tuple of strategies, one per agent from

A.

i.e. a function that species

i.e.

one that species a valid

collective strategy SA
Then, by

for a group of agents

outM (q, SA ) (or just out(q, SA ))
A executing strategy SA from

we denote the set of all paths that may result from agents
state

q

onward. The semantics of strategic quantiers is dened as follows:

M, q |= hhAiiϕ
M, λ |= hϕ
M, λ |= ϕ

i there is a strategy

i
i

M, λ |= ϕ U ψ

SA ,

such that

M, λ |= ϕ

for every

λ ∈ out(q, SA );

λ[1..∞] |= ϕ;

λ[i..∞] |= ϕ
i

for all

λ[i..∞] |= ϕ

i ≥ 0;

for some

i ≥ 0,

and

λ[j..∞] |= ϕ

Additionally, the sometime modality can be dened as:

0 ≤ j ≤ i.

for all

♦ϕ ≡ ⊤ U ϕ.

We observe that ATL embeds two important logics. First, the branching time logic CTL can
be seen as a strategic logic with a very limited set of strategic quantiers (as the CTL path
quantiers can be embedded in ATL with the following denitions:

hh∅iiϕ).

Eϕ ≡ hhAgtiiϕ, Aϕ ≡

Second, Coalition Logic can be seen as the next-fragment of ATL, with the

following embedding of the central modality of CL:

[A]ϕ ≡ hhAii gϕ.

The above clauses dene the semantics of the full version of alternating-time logic, usually
called ATL* for historical reasons. It must be noted, however, that the typical variant of
ATL, used in the literature, is restricted to formulae in which every temporal operator is
immediately preceded by exactly one cooperation modality.
restricted variant as vanilla ATL.

7

We will usually refer to the

Towards the end of the lecture, we briey mention some complexity results regarding the
satisability and model checking problems for ATL, and compare them with analogous
results for temporal logics.
References:

[Alur et

, 2002].

al.
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Lecture 4: More about ATL
In this lecture we continue our discussion of ATL and its logical and meta-logical properties.
We begin by presenting a sound and complete axiomatisation of vanilla ATL, by Goranko
and van Drimmelen.
The concept of bisimulation is central in modal logic, and is for example very useful in order
to study the key meta-logical property expressiveness. Bisimulation is a relationship between
semantic structures, and it is typically the case that bisimilar structures satisfy exactly the
same formulae.

Then, we immediately know something about the expressiveness of the

logical language: if two structures are bisimilar and one of them has some property while
the other has not, then that property is not expressible in the logical language. The following
is an adaption [Ågotnes et al., 2007] of the standard modal logic notion of a bisimulation to
CGSs.

D(q) = d1 (q) × · · · × dk (q) denote the set of joint actions in q , and when ~aC ∈
next M (q, ~aC ) = {o(q, ~b) : ~b ∈ D(q), ai = bi for all i ∈ C} denote the set of
next states in CGS M when coalition C choose actions ~
aC .

First, let

D(q, C)
possible

let

M1 = (Agt, St1 , Act1 , Π, π1 , d1 , o1 ) and M2 = (Agt, St2 , Act2 , Π, π2 , d2 , o2 ),
and a set of agents C ⊆ Agt, a relation β ⊆ St1 × St2 is a C -bisimulation between M1 and
M2 , denoted M1 ⇄C
β M2 , i for all states q1 ∈ St1 and q2 ∈ St2 , q1 βq2 implies that
Given two CGSs,

Local harmony π1(q1) = π2(q2);
Forth For all joint actions ~a1C ∈ D1(q1, C) for C , there exists a joint action ~a2C ∈ D2(q2, C)

C such that for all states s2 ∈ next M2 (q2 , ~a2C ), there exists a state s1 ∈ next M1 (q1 , ~a1C )
such that s1 βs2 ;
for

Back

Likewise, for 1 and 2 swapped.

A relation

β

is a bisimulation between

bisimulation between

M1

and

M2

M1

for every

and M2 ,
C ⊆ Agt.

denoted

M1 ⇄β M2 ,

if

β

is a

C-

Using this notion of bisimulation, we can characterise the expressiveness of ATL as mentioned
above.
Here, it is relevant to take into account a semantic issue mentioned in lecture 3: the role

of memory. Two dierent ways to dene strategies are, rst, as as mappings from states
to actions, and second, as mappings from sequences of states (histories) to actions.

We

call the rst type memoryless strategies, modelling agents who base their actions on the
current state only, and the second full strategies, modelling agents who base their strategies
on the history of states. The semantics of ATL can be dened using either; by restricing
the quantication (there is a strategy..) in the semantic clauses to the appropriate class of
strategies.
We can now show that:

•

For vanilla ATL, memory does not matter: the interpretation of a formula (its truth
value in a state of a structure) is the same whether we use only memoryless strategies
or whether we use full strategies.

9

•

The language of vanilla ATL cannot discern between bisimilar CGSs (neither with
memoryless nor with full strategies)

•

ATL* is strictly more expressive than vanilla ATL; satisfaction of ATL* formulae is
not invariant under bisimulations.

•

For ATL* memory matters: the interpretation of a formula depends on the amount of
recall available.

A nal theme is revocability of strategies. Observe the following property of ATL: when a
formula of the form

hhCiiϕ
is evaluated, the joint strategy chosen by

C

(in the evaluation of the quantier

not play any role in the evaluation of the subformula
formula, e.g. if

ϕ ≡ hhCii gψ ?

ϕ.

But what if

hhCii )

does

ϕ is itself a cooperation

In the lecture we discuss whether an alternative semantics

could be useful, and look at logics of strategic ability under irrevocable strategies.

To

implement such strategies, the semantics of ATL can be modied to use model updates. The
update

M † SC

of model

M

by a (memoryless) strategy

SC

for coalition

C

is dened by

removing transitions which are not compatible with the strategy. The interpretation of the
cooperation modalities can then be dened as follows:

M, q |= hhCiiφ ⇔ ∃SC ∀λ ∈ outM †SC (q, SC ) ∀j ≥ 0(M † SC , λ[j] |= φ)
and so on. The semantics is indeed dierent from the standard denition (and, now, memory
matters).

References: [Goranko and van Drimmelen, 2003; Ågotnes et al., 2007; van der Hoek et al.,

2005; Brihaye et al., 2008; Chatterjee et al., 2007; Pinchinat, 2007].
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Lectures 5 & 6: Strategic reasoning for imperfect information
ATL does not take into account the epistemic limitations of the agents; it assumes that every
agent has complete information about the global state of the system. The Alternating-time

Temporal Epistemic Logic ATEL was introduced in [van der Hoek and Wooldridge, 2002]
as a straightforward combination of the multi-agent epistemic logic and ATL in order to
formalize reasoning about the interaction of knowledge and abilities of agents and coalitions.
ATEL enables expressing various modes and nuances of interaction between knowledge and
strategic abilities, e.g.:

hhAiiϕ → EA hhAiiϕ; CA hhAiiϕ → hhAiiCA ϕ; hhiiiϕ → Ki ¬hhAgt \ {i}ii¬ϕ.
The models of ATEL are concurrent epistemic game structures (CEGS):

M = hAgt, St, Act, d, o, π, ∼1 , ..., ∼k i
combining the CGS-based models for ATL and the multi-agent epistemic models.

The

semantics of ATEL takes the semantic clauses for ATL and those from epistemic logic, and
combines them in a straightforward way.
While the logic ATEL extends smoothly both ATL and epistemic logic, and provides a rich
formalism for reasoning about knowledge and strategic abilities, it also raises a number of
conceptual problems. Most importantly, one would expect that an agent's ability to achieve
property

ϕ

should imply that the agent has enough control and knowledge to identify and

execute a strategy that enforces

ϕ.

A number of approaches have been proposed to overcome

this problem. Most of the solutions agree that only uniform strategies (i.e., strategies that
specify the same choices in indistinguishable states) are really executable. However, in order
to identify a successful strategy, the agents must consider not only the courses of action,
starting from the current state of the system, but also from states that are indistinguishable from the current one.

There are many cases here, especially when group epistemics

is concerned: the agents may have common, ordinary, or distributed knowledge about a
strategy being successful, or they may be hinted the right strategy by a distinguished member (the leader), a subgroup (headquarters committee) or even another group of agents
(consulting company).
Most existing solutions (ATLir [Schobbens, 2004], ETSL [van Otterloo and Jonker, 2004])
treat only some of the cases (albeit in an elegant way), while others (ATOL [Jamroga
and van der Hoek, 2004], Feasible ATEL [Jonker, 2003]) oer a more general treatment
of the problem at the expense of an overblown logical language.

Recently, a new, non-

standard semantics for ability under imperfect information has been proposed in the form
of Constructive Strategic Logic (CSL) [], which we believe to be both intuitive, general and
elegant. In CSL, formulae are interpreted over sets of states rather than single states. We
write

M, Q |= hhAiiϕ

to express the fact that

for all opening states from

Q.

A

must have a strategy which is successful

New epistemic operators

Ki , EA , CA , DA

for practical or

constructive knowledge yield the set of states for which a single evidence (i.e., a successful
strategy) should be presented (instead of checking if the required property holds in each of the
states separately, like standard epistemic operators do). Let

K̂ = C, E, D

and

K = C, E, D,

respectively. Now:

M, Q |= hhAiiϕ

i there is

SA

such that

M, λ |= ϕ
11

for every

λ ∈ ∪q∈Q out(q, SA );

M, Q |= K̂A ϕ

i

′
M, {q ′ | ∃q∈Q q ∼K
A q } |= ϕ.

We point out that in CSL:

1.

Ka hhaiiϕ refers to agent a having a strategy de re

to enforce

ϕ (i.e.

having a successful

uniform strategy and knowing the strategy);
2.

Ka hhaiiϕ

refers to agent

a

having a strategy de dicto to enforce

ϕ

(i.e. knowing only

that some successful uniform strategy is available);
3.

hhaiiϕ expresses that agent a has a uniform strategy to enforce ϕ from the current state
(but not necessarily even knows about it).

Thus,

Ki hhiiiϕ

captures the notion of

i's

knowing how to play to achieve

ϕ,

while

Ki hhiiiϕ

refers to knowing only that a successful play is possible. This extends naturally to abilities
of coalitions.
In the lecture, we will also discuss some formal properties of constructive knowledge, and
present a canonical form of formulae that allows to dene the semantics entirely in terms
of single states without losing expressivity of the language.
References: [Jamroga and Ågotnes, 2007; van der Hoek and Wooldridge, 2003; Schobbens,

2004].
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Lecture 7: Characterising solution concepts
In lecture 2 we discussed game theory and introduced strategic games.

A

solution for
The Nash

a particular class of games is a description of the outcomes that may emerge.

equilibrium is a solution concept which is one of the most important concepts in game theory.
A collection of strategies, one for each agent, form a Nash equilibrium i each strategy is the
best response by that agent to the other strategies. A

weakly dominant strategy is a strategy

for an agent which is at least as good as any other strategy (no matter what strategies the
other players play) for that agent.
We have seen how we can use logics such as Coalition Logic and ATL to express properties
of game-like structures. But we haven't yet discussed an obviously interesting problem: formalising solution concepts. In this lecture we discuss how we can express solution concepts
and related properties of strategic games in ATL-like logics. The properties we have discussed until now have been of the what an agent (or a coalition)
however, are concerned with what rational agents

will

ATL: there is no built-in mechanism for representing

can do. Solution concepts,

do. And here is a shortcoming with

preferences.

A simple way to extend

ATL to incorporate preferences is (following [Baltag, 2002]) to add:

•

Atomic propositions of the form

ui ≥ d

where

nite domain, meaning that the utility of agent

i
i

is an agent and

d ∈D

and

is greater than or equal to

D

is a

d

With this kind of atomic propositions, it is straightforward to simulate a strategic game by
a pointed CGS
CGS

(M, q)

(M, q)

(actions correspond to strategies, etc.). We then say that a pointed

corresponds to a game Γ.

It turns out, however, that even with this extension

it is still dicult to characterise solution concepts such as the Nash equilibrium in ATL. A
possible solution is to further extend ATL with:

•

A

counterfactual

agent

i

and

ϕ

operator

Ci (σi , ϕ)

where

is a formula, meaning if

Note that this promotes

i

σi

is (a name standing for) a strategy for

would play strategy

σ,

then

ϕ.

stategies to rst-class citizens of the logical language. The semantics

of the counterfactual expressions can be dened using model updates (lecture 4):

M, q |= Ci (σi , ϕ) ⇔ (M † [[σi ]], q |= ϕ)
where

[[σ]]

is the strategy denoted by

σ.

Weak dominance can now be logically characterised as follows:

wdi (α) ≡

^

(hhiii g(ui ≥ v) → Ci (α, hhii g(ui ≥ v)))

v∈D

W Di (α) ≡

^

Cj (β, wdi (α)).

β∈Υj
where

Υj

is the set of all strategy names for agent

is weakly dominant for

wdi (α)

i

i

M, q |= W Di (α),

j.

whenever

enough?).
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For any nite game

(M, q)

Γ, strategy α
Γ (why isn't

corresponds to

Moving on to Nash equlibria, the fact that i's best response to k playing αk is αi can be
formalised as:
BRi (αk , αi ) ≡

Ck (αk ,

^

((hhiii g(ui ≥ v)) → Ci (αi , hhii g(ui ≥ v)))

v∈D

and the fact that (α1 , α2 ) is a Nash equilibrium can be expressed as follows:
N E(α1 , α2 ) ≡ BR1 (α2 , α1 ) ∧ BR2 (α1 , α2 )

For any nite game Γ, (α1 , α2 ) is a Nash equilibrium i M, q |= N E(α1 , α2 ), whenever M, q
corresponds to Γ.
References:

1994].

[van der Hoek et

, 2005; Harrenstein et

al.
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, 2003; Osborne and Rubinstein,

al.

Lecture 8: Reasoning about rational play
For many games the number of all possible outcomes is excessive, although only some of
them make sense. We need a notion of rationality to discard the less sensible ones, and
determine what should happen had the game been played by ideal players. Game theory
denes a number of rationality criteria through so called

solution concepts.

We note that,

while some solution concepts see rationality as a property of individual strategies (e.g.,
dominant strategy, iterated undominated strategy), the most prominent concepts (Nash
equilibrium, Pareto optimality) refer to whole
from all the agents in

strategy proles, i.e., combinations of strategies

Agt.

We showed in the previous lecture how game-theoretical solution concepts can be characterized in an ATL-like logic. Now, we discuss how one can use such characterizations to reason
about the behavior and abilities of agents who conform with a given rationality criterion. To
this end, we present the logic of ATLP (ATL with Plausibility) that extends ATL with constructs for dening and reasoning about rational (or plausible) play of agents.
that agents in
that are

A

plausible

assumes

in the given model. In particular,

Pl (≡ PlAgt ) imposes rational behavior

Ph (≡ Pl∅ )

disregards plausibility assumptions, and

on all agents in the system. Similarly,

physically

refers to all

PlA

play rationally; this means, that the agents can only use strategy proles

available scenarios. The model update operator

(set-pl ω)

allows to

dene (or redene) the set of plausible strategy proles to the ones described by plausibility
term

ω

rening

(in this sense, it implements

revision

of plausibility). Operator

(refn-pl ω)

enables

the set of plausible strategy proles, i.e. selecting a subset of the hitherto plausible

proles. With ATLP, we can for example say that

Pl hh∅ii(closed∧Ph hhguardii g¬closed):

It is plausible that the emergency door will always remain closed, but the guard retains the
physical ability to open them; or

(set-pl ωN E )Pl hhaii♦¬jaila : Suppose that only playing
a can plausibly reach a state where it is out of prison.

Nash equilibria is rational, then agent

concurrent game structures with
plausibility. Apart from an actual set of plausible strategy proles Υ , a concurrent game
structure with plausibility (CGSP) must specify the denotation of plausibility terms ω . It is
dened via a plausibility mapping that maps each term to a set of strategy proles.
To dene the semantics of ATLP, we extend CGS's to

Let

A, B ⊆ Agt

be groups of agents. We dene collective strategy

with a set of strategy proles

Υ.

Function

from state

q

out(q, sA , B)

Υ

i the

B 's

part of

sA

sA

to be

B -consistent

appears as a part of some prole in

returns the set of paths that can result from the execution of

on if we assume that only

B -consistent

sA

strategy proles are played. Now, the

semantics of ATLP formulae can be given as below. Note that the satisfaction relation has
an additional parameter: namely, the set of agents

B

to whom the rationality/plausibility

assumptions apply.

M, q |=B p

i

M, q |=B ¬ϕ

p ∈ π(q);

i

M, q |=B ϕ ∧ ψ

M, q 6|=B ϕ;
i

M, q |=B ϕ

M, q |=B hhAiiγ i there
λ ∈ out(q, sA , B);
M, λ |=B hγ

i

and

M, q |=B ψ ;

is strategy

M, λ[1..∞] |=B γ

sA , B -consistent
(for



and
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U

with

Υ,

such that

analogously);

M, λ |=B γ

for all

M, q |=B PlA ϕ

i

M, q |=A ϕ

M, q |=B (set-pl ω)ϕ i M ′ , q |=B ϕ where the new model M ′ is
q
′
set ΥM ′ of plausible strategy proles of M is set to [[ω]]M .
M, q |=B (refn-pl ω)ϕ

i

M ′ , q |=B ϕ

The absolute satisfaction relation

|=

where

M′

is equal to

is given by

M

equal to

but

ΥM ′

M

set to

but the new

ΥM ∩ [[ω]]q .

|=∅ .

During this lecture, we will also point out that temporal operators enable dening agents'
outcomes in a game by temporal patterns rather than simply payos obtained at the end of
the game. This gives rise to what we call temporalized solution concepts which can be used
to dene rationality assumptions in interaction scenarios that are not bounded in time.

References: [Bulling et al., 2008].
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Lectures 9 & 10: Axiomatisation of coalitional games
In lecture 2 we introduced non-cooperative games, and we discussed basic solution concepts
in lecture 7. We move now to the theory of coalitional (or cooperative) games.
A

coalitional game

(without transferable payo ) is an

(m + 3)-tuple:

Γ = hN, Ω, V, ⊒1 , . . . , ⊒m i
where:

• N = {1, . . . , m}
• Ω

is a non-empty set of

is a non-empty set of

agents ;

outcomes ;

• V : (2N \ ∅) → 2Ω is the characteristic function of Γ, which for every non-empty
coalition C denes the choices V (C) available to C , so that ω ∈ V (C) means C can
choose outcome ω ; and
• ⊒i ⊆ Ω × Ω
i ∈ N.

is a complete, reexive, and transitive

preference relation,

for each agent

Solution concepts of coalitional games are concerned with such questions such as which
coalitons will form?, or, in other words, which coalitions are
solution concept is the

core.

stable.

The most well known

The core of a coalitional game is the set of outcomes which

can be chosen by the grand coalition

N

such that there does not exists a coalition

which can choose another outcome which is better for all the agents in

C.

C⊆N

A key property

of a coalitional game is whether the core is empty or not. Other solution concepts include

stable sets

and

the bargaining set.

We want to be able to express properties of coalitional games in a logical language  in
particular solution related properties such as non-emptyness of the core or core membership
for some outcome. One possibility would be to have atomic propositions of the form
where

ω

and

ω′

are explicit names of outcomes, and a modality

hCi

interpreted by the

characteristic function in the spirit of Coalition Logic, such that for example
true i

ω ∈ V (C).

ω

Core membership for



CM (ω) ≡ hN iω ∧ ¬ 

ω i ω ′ ,

hCiω

would be

could then be expressed as:

_ _

(hCiω ′ ) ∧

C⊆N ω ′ ∈Ω

^

i∈C



(ω ′ ≻i ω)

and non-emptyness of the core as:

CN E ≡

_

CM (ω)

ω∈Ω
There are some disadvantages to such a solution: the expressions above depend on the set
of outcomes

Ω,

and are thus dierent for games with dierent outcomes. Furthermore, the

expressions are not very succinct  and in fact, for games with innitely many outcomes
they are not even well-formed formulae.
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Modal Coalitional Game Logic

An alternative, which does not have these problems, is

(MCGL) [Ågotnes et al., 2008]. MCGL is a normal modal logic. Above we discussed a
way of using atomic propositions for the preference relations, and a modality for the characteristic function as in Coalition Logic.

The approach in MCGL is, roughly speaking,

the exact opposite: the characteristic function is modelled using atomic propositions while
modalities are used for the preference relation. The main constructs of the language is an
atom

pC

and a modality

hC s i

C.

for each coalition

text of an outcome in a coalitional game.

pC

The language is interpreted in the con-

means that

C

can choose the current outcome,

s
while hC iϕ means that there is some outcome which is strictly better than the current one
for all the agents in
an outcome in

Γ

• Γ, w |= pC

i

• Γ, w |= hDiφ
[C s ]

in which

ϕ

is true (the

s

stands for strictly). Formally, when

ω

is

hDi):

w ∈ V (C)

• Γ, w |= hC s iφ
Γ, v |= φ

We write

C,

(there is also a special modality

i there is a

i

Γ, v |= φ

for the dual:

v

such that for every

for some

i ∈ C , v ⊒i w

and not

w ⊒i v ,

and

v 6= w

[C s ]ϕ ≡ ¬hC s i¬ϕ.

Now, we can express core membership as

follows:

M CM ≡ pN ∧

^

[C s ]¬pC

C⊆N
We have that

(Γ, ω) |= M CM

i

ω

is in the core of

Γ.

Non-emptyness of the core can be expressed as follows:

M CN E ≡ M CM ∨ hDiM CM
(Γ, ω) |= M CN E

i

Γ |= M CN E

i the core of

Γ

is non-empty.

After introducing coalitional games, will will use most of these two lectures on discussing
MCGL. In particular, we will go through its completeness proof, which is based on a technique by de Rijke [de Rijke, 1993] (see also [Blackburn
modality

hDi

as well as converse modalities.

References: [Ågotnes

Blackburn

et al., 2001]) using the dierence

et al., 2008; 2006; Osborne and Rubinstein, 1994; de Rijke, 1993;

et al., 2001].
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