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The objective of this presentation is simple to state:

1. Provide the most abstract, syntax-free representation of intuitionistic sequent calculus proofs
possible, subject to:

2. Translation from a proof is polynomial-time.

Conventional representations such as lambda calculus or game semantics fail to satisfy 2: by
their extensional nature, they identify so many proofs that translation from a proof blows up
exponentially in size.

Our solution is to define a notion of combinatorial proof for intuitionistic propositional se-
quent calculus. Combinatorial proofs were introduced as a syntax-free reformulation of classical
propositional logic [Hug06a, Hug06b]. For example, here is a combinatorial proof of Peirce’s
Law ((P ⇒Q) ⇒P ) ⇒P :
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The lower graph abstracts the formula (one vertex per propositional variable, edges encoding
conjunctive relationships); the upper graph has two colour classes, and , each expressing
an axiom P ⇒P ; the dotted lines define a skew fibration from the upper graph to the lower
graph, a lax notion of graph fibration. The upper graph captures the axioms and logical rules
in a proof, the lower graph captures the formula proved, and the skew fibration captures all
contraction and weakening, simultaneously and in parallel [Hug06b, Str07].

The intuitionistic setting required reformulating combinatorial proofs with directed edges
for implicative relationships. Here are two intuitionistic combinatorial proofs on (P ⇒P )⇒Q `
Q ∧Q ,
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Each lower graph, called the base, is an abstraction of the formula (akin to a labelled a arena of
game semantics [HO00]). Leaving base graphs implicit, we can render the combinatorial proofs
compactly:

(P ⇒P ) ⇒Q ` Q∧Q (P ⇒P ) ⇒Q ` Q∧Q

Using this compact notation, Figure 1 shows step-by-step translations of intuitionistic se-
quent calculus proofs into the respective intuitionsitic combinatorial proofs above. Figure 2
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P ` P
⇒

` P ⇒P Q ` Q
⇒

(P ⇒P ) ⇒Q ` Q

P ` P
⇒

` P ⇒P Q ` Q
⇒

(P ⇒P ) ⇒Q ` Q
∧

(P ⇒P ) ⇒Q, (P ⇒P ) ⇒Q ` Q∧Q
c

(P ⇒P ) ⇒Q ` Q∧Q

P ` P
⇒

` P ⇒P

Q ` Q Q ` Q
∧

Q,Q ` Q∧Q
c

Q ` Q∧Q
⇒

(P ⇒P ) ⇒Q ` Q∧Q

Figure 1: Translating two intuitionstic sequent calculus proofs to intuitionistic combinatorial
proofs. The translation is very simple to define: (1) place a pair of tokens atop the propositional
variables in each axiom, with a rightward directed edge; (2) trace the tokens down through the
proof; (3) each left implication rule and right conjunction rule inserts edges.

x :P ` x :P

` λx.x : P⇒P w :Q ` w :Q

f1 : (P ⇒P ) ⇒Q ` f1(λx.x) : Q

y :P ` y :P

` λy.y : P⇒P v :Q ` v :Q

f2 : (P ⇒P ) ⇒Q ` f2(λy.y) : Q

f1 : (P⇒P )⇒Q , f2 : (P⇒P )⇒Q ` 〈f1(λx.x),f2(λy.y)〉 : Q∧Q
f : (P⇒P )⇒Q ` 〈f(λx.x),f(λy.y)〉 : Q∧Q

z :P ` z :P

` λz.z : P⇒P

v1 :Q ` v1 :Q v2 :Q ` v2 :Q

v1 : Q , v2 : Q ` 〈v1, v2〉 : Q∧Q
v : Q ` 〈v, v〉 : Q∧Q

f : (P⇒P )⇒Q ` 〈f(λz.z),f(λz.z)〉 : Q∧Q

Figure 2: Translating the same two intuitionstic sequent calculus proofs into lambda calculus
terms. Note that (up to alpha-conversion, renaming bound variables x, y and z) the two terms
are the same. On the right, the subterm λz.z from the left sub-proof is duplicated, because
of extensionality. In contrast, the translation to a combinatorial proof does not require such a
duplication: on the right of Figure 1, the final rule keeps only one pair of tokens over P ⇒P ,
from the left sub-proof.
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shows the corresponding lambda calculus translations. The resulting lambda terms are identi-
cal (modulo alpha-conversion), and the right translation duplicates λz.z. Because of iterated
duplications, translation to a lambda term is exponential-time in the size of the proof. In con-
trast, translating the right proof to an intuitionistic combinatorial proof involves no duplication.
More generally, a proof with n axioms translates to an intuitionistic combinatorial proof with
n colour classes. Thus translation to an intuitionistic combinatorial proof is polynomial-time.

Just as the translation to lambda calculus is surjective, we can prove that the translation
to intuitionistic combinatorial proofs is surjective. Thus intuitionistic combinatorial proofs are
sound and complete for intuitionistic logic. We also prove that if two proofs are equivalent
modulo rule commutations which do not involve duplications of entire subproofs, then they
translate to the same combinatorial proofs. Taken together, these two theorems formalize the
sense in which achieved the two goals stated at the start of this abstract.

In the presentation we will also compare the normalization procedures for classical combi-
natorial proofs (as presented in [Hug06b, Str17a, Str17b]) and for intuitionistic combinatorial
proofs. A surprising observation is that in the intuitionistic case we need to rely on a normal-
ization method for additive linear logic, as presented in [HH15].

If time permits, we will also show how we can translate between syntactic proofs and com-
binatorial proofs. Here we can observe for the intuitionistic case the same technical subtleties
as for the classical case in [Hug06b, AS18].
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