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After long time of stagnation, tableaux-based reasoning methods became
popular with the development of Semantic Web. All major Description Logic
reasoners (e.g. Racer [6], FaCT++ [14], Pellet [12], etc.) use tableaux as their
main reasoning method (see e.g. [7, 1]).
Tableaux calculus [13] is based on the principle of refutation. When a formula
is given, it is negated and according to some rules decomposed to subformulas.
This decomposition produces a tree of formulas. If every branch of the tree is
closed (meaning that the branch contains contradictory formulas), then the given
formula is valid. Tableau has advantage over other proof systems in that it can
also build a model for satisfiable formula, or find a counter-example for non valid
formula.
There are many refinements and modification of the tableaux calculus in the
literature (see e.g. [10, 3]). This includes tableaux for intuitionistic, temporal,
modal, substructural, nonmonotonic, many-valued logics and the like. To the
best of our knowledge, there is no tableaux method for unranked logics defined
in the literature and our aim is to provide such.
Unranked terms are first order terms in which function symbols do not have
a fixed arity: The same symbol may have a different number of arguments in
different places and some variables (aka sequence variables) can be instantiated
by finite (possible empty) sequences of unranked terms.
In recent years, usefulness of sequence variables and unranked symbols has
been illustrated in practical applications related to XML [9], knowledge representation [5], automated reasoning, rewriting, functional, functional logic, and
rule-based programming, Common Logic [2], just to name a few. There are systems for programming with sequence variables. Probably the most prominent
one is Mathematica, with a powerful rule-based programming language that
uses (essentially first order, equational) unranked matching with sequence variables. Unranked function symbols and sequence variables bring a great deal of
expressiveness in this language, permitting writing a short, concise, readable
code.
Unification procedure for unranked terms has been given in [8]. The unranked
terms f (x, x, y, z) and f (f (x), x, a), where x, y, z are sequence variables and x
is an individual variable unifies in three different ways with the substitutions
{x 7→ (), x 7→ f (), y 7→ (), z 7→ (f (), a)}, {x 7→ (), x 7→ f (), y 7→ f (), z 7→ a}
?
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and {x 7→ (), x 7→ f (), y 7→ (f (), a), z 7→ ()}. Note that unranked terms may
have infinitely many unifiers. For example, f (x, a) and f (a, x) have the unifiers
{x 7→ ()}, {x 7→ a}, {x 7→ (a, a)}, etc. Unranked unification, when one of the
terms is ground (term without variables), called matching, is finitary.
In this talk we present an extended traditional tableaux inference system to
work with formulas built over unranked terms. Unranked unification is used in
tableaux as a mechanism that decides whether a path can be closed. It selects
terms for replacement in quantification rules. We show, that the calculus is
sound and complete, thus non-terminating in general. As it was mentioned above,
unranked unification is not finitary in general, that is another reason of nontermination of the given algorithm. Finally, we illustrate the potential of the
extended calculus in Web-related applications. In such applications unification
problem is reduced to matching and is thus finitary. More details about this
work can be found in [4].
We extend classical first-order tableaux for unranked logic. To reduce number
of inference rules in the calculus, we consider formulas only in negation normal
form (NNF). Classical first-order semantics defined for our language allows us
to skolemize and transform formulae to NNF in a standard way.
The unranked tableaux calculus for formulae in negation normal form consists
of the following rules
A∧B ∧
A
B

A∨B ∨
A
B

∀xA
∀i
A[x 7→ t]

∀xA
∀s
A[x 7→ s]

Remark 1. Let us clarify the difference between the rules:
– The ∧-rule chooses to decompose either or both operands in the single path.
In contrast, the ∨-rule creates alternative paths for each operand.
– In the ∀i quantification rule the individual variable must be replaced by an
individual term, while in case of the ∀s -rule the sequence variable is replaced
by an arbitrary sequence of terms, including the empty one.
A path of a tableaux is closed if it contains both, formula and its negation
(modulo unification); otherwise it is open. A tableaux is closed if all of its paths
are closed.
The tableaux calculus is sound and complete. Moreover, it is confluent; in
other words, backtracking over the rules is not necessary. The only “backtracking” points are substitutions in the ∀i and ∀s quantification rules.
We demonstrate basic reasoning capabilities of our calculus using the Clique
of Friends example from [11]. This example illustrates some basic reasoning for
the Semantic Web. It does not use any particular Semantic Web language itself.
Consider a collection of address books where each address book has an owner
and a set of entries, some of which are marked as friend to indicate that the
person associated with this entry is considered a friend by the owner of the
address book.
In the example we consider a collection that contains two address books, the
first owned by Donald Duck and the second by Daisy Duck. Donald’s address

book has two entries, one for Scrooge, the other for Daisy, and only Daisy is
marked as friend. Daisy’s address book again has two entries, both marked
as friend. In XML, this collection of address books can be represented in a
straightforward manner.
The clique-of-friends of Donald is the set of all persons that are either direct
friends of Donald (i.e. in the example above only Daisy) or friends of friends (i.e.
Gladstone and Ratchet), or friends of friends of friends (none in the example
above), and so on. To retrieve these friends, we have to define the relation “being
a friend of” and its transitive closure.
We introduce the following abbreviations:
– Fixed arity function symbols: fro (owner), frn (name) and fr (friend)
– Flexible arity function symbols: fuab (address-book) and fue (entry)
fo
– Flexible arity predicate symbols: pabs
u (address-books), pu (friend-of) and
f of
pu (friend-of-friend)
Then the above-mentioned XML will be represented as the following fact in
knowledge base:
e n
e n
ab o
XML ≡ pabs
u (fu (fr (Donald), fu (fr (Daisy), fr ), fu (fr (Scrooge))),
e n
ab o
fu (fr (Daisy), fu (fr (Gladstone), fr ), fue (frn (Ratchet), fr )))

We define friend-of and friend-of-friend relationships in the knowledge base:
ab o
e n
pfuo (x, y) ≡ pabs
u ( s, fu (fr (x), s, fu (fr (y), fr ), s), s),
f of
fo
pu (x, y) ≡ pu (x, y),
pfuof (x, y) ≡ pfuo (x, z) ∧ pfuof (z, y),

where s is an anonymous sequence variable, that can be instantiated by an
arbitrary sequence of terms, including the empty one.
The query to be asked is KB → ∃x pfuof (Donald, x). Note that pfuof predicate
can be represented in a single formula as pfuo (x, y) ∨ (¬pfuo (x, y) ∧ pfuo (x, z) ∧
pfuof (z, y)). Then the query to refute (after transforming to NNF) will be:
KB ∧∀x ¬pfuo (Donald, x)
∧∀x (pfuo (Donald, x) ∨ ¬pfuo (Donald, y) ∨ ¬pfuof (y, x))
The refutation consists of the following steps:
KB ∧ ∀x ¬pfuo (Donald, x) ∧ . . .
∧
KB
∀x ¬pfuo (Donald, x)
∀s
¬pfuo (Donald, x)σ
×
where σ = {x 7→ Daisy}. If we would like to find all solutions, then we should
continue by decomposing the second formula:

KB ∧ ∀x ¬pfuo (Donald, x) ∧ . . .
∧
KB
∀x (pfuo (Donald, x) ∨ ¬pfuo (Donald, y) ∨ ¬pfuof (y, x))
..
.
fo
(¬pu (Donald, y) ∨ ¬pfuof (y, x))θ
∨
¬pfuo (Donald, y)θ
¬pfuof (y, x)θ
×
×
where θ is either of substitutions: {x 7→ Gladstone, y 7→ Daisy} and {x 7→
Ratchet, y 7→ Daisy}. From these substitutions we can read off the answer to
our query:
{Daisy, Gladstone, Ratchet}
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