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Abstract

In this work we deal with algebraic categories and deterministic weighted automata functors
on them. Such categories are the target of generalized determinization [1, 2, 4] and enable
coalgebraic modelling beyond sets; such automata are the result of generalized determinization.
For example, “determinized” non-deterministic automata, weighted, or probabilistic ones are
coalgebraically modelled over the categories of join-semilattices, semimodules for a semiring,
and convex algebras, respectively. Moreover, expressions for axiomatizing behavior semantics
often live in algebraic categories.

In order to prove completeness of such axiomatizations, the common approach [8, 7, 2] is
to prove finality of a certain object in a category of coalgebras over an algebraic category.
Proofs are significantly simplified if it suffices to verify finality only w.r.t. coalgebras carried
by free finitely generated algebras, as those are the coalgebras that result from generalized
determinization. In recent work, Milius [9] proposed the notion of a proper functor. If the
functor describing determinized systems in an algebraic category (where also the expressions
live) is proper, then it suffices to verify finality only w.r.t. coalgebras carried by free finitely
generated algebras in completeness proof of axiomatizations. This was completeness proofs
are significantly simplified. However, proving properness is hard, i.e., the notion of properness
extracts the essence of difficulty in completeness proofs.

Recalling Milius’ definition [9], a functor is proper if and only if for any two states that are
behaviourally equivalent in coalgebras with free finitely generated carriers, there is a zig-zag of
homomorphisms (called a chain of simulations in the original works on weighted automata and
proper semirings) that identifies the two states and whose nodes are all carried by free finitely
generated algebras.

This notion is a generalization of the notion of a proper semiring introduced by Esik and
Maletti [10]: A semiring is proper if and only if its “cubic” functor is proper. A cubic functor is
a functor S× (−)A where A is a finite alphabet and S is a free algebra with a single generator
in the algebraic category. Cubic functors model deterministic weighted automata which are
models of determinized non-deterministic and probabilistic transition systems. The underly-
ing Set functors of cubic functors are also sometimes called deterministic-automata functors,
see e.g. [4], as their coalgebras are deterministic weighted automata with output in the semir-
ing/algebra. Having properness of a semiring (cubic functor), together with the property of the
semiring being finitely and effectively presentable, yields decidability of the equivalence problem
(decidability of trace equivalence, i.e., language equivalence) for weighted automata.

In our work on proper semirings and proper convex functors, recently published at FoSSaCS
2018 [12], see [11] for the full version, motivated by the wish to prove properness of a certain

functor F̂ on positive convex algebras (PCA) used for axiomatizing trace semantics of proba-
bilistic systems in [2], as well as by the open questions stated in [9, Example 3.19], we provide
a framework for proving properness and prove:



• The functor [0, 1]× (−)A on PCA is proper, and the required zig-zag is a span.

• The functor F̂ on PCA is proper. This proof is quite involved, and interestingly, provides
the only case that we encountered where the zig-zag is not a span: it contains three
intermediate nodes of which the middle one forms a span.

Along the way, we instantiate our framework on some known cases like Noetherian semirings
and N (with a zig-zag that is a span), and prove new semirings proper: The semirings Q+ and
R+ of non-negative rationals and reals, respectively. The shape of these zig-zags is a span as
well. It is an interesting question for future work whether these new properness results may
lead to new complete axiomatizations of expressions for certain weighted automata.

Our framework requires a proof of so-called extension lemma and reduction lemma in each
case. While the extension lemma is a generic result that covers all cubic functors of interest,
the reduction lemma is in all cases a nontrivial property intrinsic to the algebras under consid-
eration. For the semiring of natural numbers it is a consequence of a result that we trace back
to Hilbert [16]; for the case of convex algebra [0, 1] the result is due to Minkowski [17]. In the

case of F̂ , we use Kakutani’s set-valued fixpoint theorem [6].
All base categories in this work are algebraic categories, i.e., categories SetT of Eilenberg-

Moore algebras of a finitary monad T on Set.
The main category of interest to us is the category PCA of positively convex algebras, the

Eilenberg-Moore algebras of the monad of finitely supported subprobability distributions, see,
e.g., [13, 14] and [15].

Concretely, a positive convex algebra A in PCA is a carrier set A together with infinitely
many finitary operations denoting sub-convex sums, i.e., for each tuple (pi | 1 ≤ i ≤ n) with
pi ∈ [0, 1] and

∑
i pi ≤ 1 we have a corresponding n-ary operation, the sub-convex combination

with coefficients pi. (Positive) Convex algebras algebras satisfy two axioms: the projection
axiom stating that

∑
pixi = xk if pk = 1; and the barycentre axiom∑

i

pi(
∑
j

pijxj) =
∑
j

(
∑
i

pi · pij)xj .

These axioms are precisely the unit and multiplication law required from an Eilenberg-Moore
algebra when instantiated to the probability subdistribution monad, and enable working with
abstract convex combinations (formal sums) in the usual way as with convex combinations /
sums in R.

For the proofs of proper semirings, we work in the category S-SMOD of semimodules over a
semiring S which are the Eilenberg-Moore algebras of the monad TS of finitely supported maps
into S.

For n ∈ N, the free algebra with n generators in S-SMOD is the direct product Sn, and in PCA

it is the n-simplex ∆n = {(ξ1, . . . , ξn) | ξj ≥ 0,
∑n

j=1 ξj ≤ 1}.
For the semirings N, Q+, and R+ that we deal with (with ring completions Z, Q, and R,

respectively), the categories of S-semimodules are:

• CMON of commutative monoids for N,

• AB of abelian groups for Z,

• CONE of convex cones for R+, and

• Q-VEC and R-VEC of vector spaces over the field of rational and real numbers, respectively,
for Q and R.
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