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Team semantics is a natural approach to reason about interdependencies between assignments. Log-
ical formulae are evaluated for sets of assignments (called feams) instead of single assignments. This
enables reasoning about imperfect information, e.g. quantum phenomena [} [15], or notions of depen-
dence from database theory. Most of the time, first order team logic FOT is augmented with team atoms
that correspond to dependencies between assignments such as dependence [3l], independence [8]], inclu-
sion [4] or exclusion [5]].

This approach emerged with Véininen’s dependence logic FOT(dep) [19], building on a compo-
sitional model-theoretic semantics [14] for independence-friendly logic [[13]]. Since then, a variety of
team logics has been established, including (conditional) independence logic [12]] FOT(indep) and in-
clusion/exclusion logic FOT (inc,exc) [7].

Aside from team atoms, another approach is hybrid team logic HTL, which extends FOT by binders
({) that are rooted in extensions of modal logic [17, 9]: let X be a relational variable of arity n, let
X = (x1,...,x,) be a tuple of variables and let y be a formula in HTL that may contain X. Then |zX ()
is a formula in HTL. For all structures 2 and teams 7', we have
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where Ql[ (< )] is the expansion of 2 over X by T'(x) = {#(x1),...,¢(x,) | t € T}. In [18], it is established
that HTL and its positive and negative fragments HTL' and HTL™ are natural fits in the hierarchy of
team logics, as can be seen in fig.[I]
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Figure 1: An overview over the hierarchy of team logics. L — L' means that L’ is at least as expressive
as L, with dotted arrows for sentences. Logics that share a node are equiexpressive.

The high expressive power of team logics comes at the cost of a high complexity. In an effort to
capture decidable team logics, guarded variants have been considered in [I1], [16] [I8]. The basic guarded
fragment GF of FO [2]] is defined by restricting first-order quantification in such a way that formulae
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can only be evaluated with respect to guarded tuples, which are tuples of elements that occur together
in some atomic fact. It generalises many of the good model theoretic properties of modal logics; in
particular, is has the finite model property [[10] and is decidable.

This paper aims to analyze the expressive power of extensions of the team logic variant GTF of GF,
building on [18]]. A variety of results concerning downward closed logics are provided.

Part 1: Guarded dependence. Guarded dependence logic GTF(dep) does not have the finite model
property. We introduce a guarded dependence atom Gdep that, in some sense, expresses functional
dependence restricted to guarded patches: for all structures 2 and teams 7', 2, T = Gdep(x,y) if for all
t,t' € T with 1(X) = ¢'(X) such that #(X), 7(¥) and #'(¥) are guarded together, we have ¢(y) = ' (7).

We show that GTF(Gdep) = GTF(exc), mirroring the non-guarded setting. The proof uses a common
encoding trick where fresh variables z;,z, are used as a boolean variable that depends on part of the
assignment, i.e. they only appear in dependence atoms or in the form z; = z; or z; # z5. That this is
possible even in the guarded setting is non-trivial, and in fact equivalent to the axiom of choice. We
further prove that GTF(Gdep) is a proper fragment of GTF(dep).

Part 2: [-local flatness. A family of teams (7;);c; is [-local if for i # j, the I-neighbourhoods of 7; and
T; in the Gaifman-graph do not overlap. A formula ¢ is /-locally flat if for all 1-local families, we have
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We notice that every team logic formula that contains the common team atoms, except for constancy
atoms, is [-locally flat for some / < qr(¢)+ 1. We show that over naked sets, every such ¢ can only
express statements of the form “there are at most k elements in a structure or team”. On the other hand,
negative guarded hybrid team logic GHTL™ can express statements of the form “there are at least k
distinct elements.”.

Theorem 1. There are sentences in GHTL™ that are not expressible in GTF(inc,dep).

Part 3: GHTL™ vs. GESO. Team logics are often classified as fragments of existential second order
logic ESO. This means that team logic formulae ¢ are equivalent to sentences ¢*(R) € ESO in the sense
that for all structures 2 and teams 7 with dom(7') =y, we have

AT E oo — Ql[TI(ey)] = o

In the non-guarded setting, FOT(dep),FOT(exc) and HTL™ are all equally expressive. They stand out
because they are equivalent to the fragment of ESO where R appears only negatively, and equivalent
to full ESO for sentences. In the guarded setting, we already established that all of these logics have
different expressive power. We show that GHTL™ is the best candidate for the non-guarded analogue of
these equivalences:

Theorem 2. Every sentence in GHTL™ is equivalent to a sentence of the form 3R, ...3R,(y) with
v € GF(Ry,...,Ry).

Theorem 3. A formula in GHTL™ is equivalent to a sentence of the form 3Ry ...3R,(y) with y €
GF(Ry,...,Ry,R), where R appears only negatively in .
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In other words, GHTL™ corresponds to the (downward closed fragment of) prenexed guarded ESO
(pre-GESO), which consists of exactly those formulae in GESO that have the above form. The main
obstacle in the proof is showing that every sentence ¢ €prenex-GESO is equivalent to a sentence @* €
GHTL ™. For this, we make use of two features of guarded logics:

* In general, guarded quantification can be thought of as moving from guarded patch to guarded
patch, while specifying a required overlap between these patches. These moves are always local,
except if the overlap is empty, i.e. if the corresponding subformula is a sentence. We can use this
to decompose guarded formulae into boolean combinations of subsentence-free formulae.

» Special consideration has to be given to isolated points, i.e. singleton connected components in
the Gaifman graph of any given structure. We notice that on one hand, the usual encoding tricks
are not usable in isolated settings, because all equalities and inequalities are always true and false,
respectively. On the other hand, the expressibility of guarded formulae without subsentences is
very restricted over isolated points, because the only guarded tuples containing an isolated point
a are of the form a". Therefore, it is possible to decompose every formula into an isolated and a
non-isolated part, and to find characteristic formulae that greatly simplify the isolated parts.

This reduces the problem to non-isolated, subsentence-free ¢. Using similar encoding tricks as in part 1,
we replace second order quantification with bound teams that appear only negatively.

Part 4: pre-GESO vs. GESO. As a corollary, we find that GHTL (the guarded variant of HTL) is
equivalent to pre-GESO. From previous work, we know that this implies that pre-GESO has the finite
model property. We provide a GESO-sentence that is satisfiable and has no finite model, thus showing
that contrary to the non-guarded case, pre-GESO is a proper fragment of GESO.
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Figure 2: An overview of the classification results in this paper. It remains an open question whether
GTF(dep) is a fragment of GESO.
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