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The semantics of modal logics lend themselves quite naturally to a coalgebraic representation.
Given a frame (X, R), one can conceive of the relation R as a map R[—| sending a point to its set
of successors. Thus, a frame can in general be conceived of as an object and a map; this is the basis
for the coalgebraic approach to logic (see for example chapter 9 of [7]). As the primary example,
the category of classical Kripke frames is isomorphic to the category of coalgebras on the powerset
functor, where (X, R) is represented as the coalgebra (X, R[—]| : X — P(X)).

While classical and positive modal logics have well-known coalgebraic semantics, their intuition-
istic counterpart has remained somewhat elusive. Recently, [2] introduced a technique to extend
coalgebras for positive modal logic into coalgebras for intuitionistic modal logic (IML). This was
shown for the O-only fragment of IML, though it was remarked there that similar techniques ap-
ply for many other settings, such as extending the work of [3] on the coalgebraic semantics for
Dunn-style positive modal logic to the intuitionistic case.

A central limitation of such an approach lies in the fact that one needs to start with a positive
modal logic, and find its least intuitionistic extension; this leaves out several interesting cases, such
as the logic IK due to [4]. In this paper we show how the approach of [2] can be modified to
yield coalgebraic completeness for this and other related logics. We will develop the coalgebraic
representation for Esakia spaces, and derive consequences for intuitionistic Kripke frames over
image-finite posets, using the same methods as in [2].

Definition 1. A positive general frame (PGF) is a quadruple (X, <, R, A) where (X,<) is a
Priestley space, R C X x X is a relation such that for any x € X, R[z]| is closed, and A is the set

of clopen upsets of (X, <). We say that a positive general frame is an intuitionistic general frame
(IGF) if (X, <) is Esakia.

It will be usual to demand a lot more of the relation R, depending on the modalities. The key
to turning a coalgebra for a PGF into one for an IGF lies in the dual action of generating the free
Heyting algebra off of a distributive lattice. This is done via the functor Vg, which is the right
adjoint to the inclusion of Esakia spaces into Priestley spaces (for details on this construction and
its analogue for image-finite Kripke frames, see [1]). This allows us to take the coalgebras for any
positive modal logic £, and extend them into coalgebras for its smallest intuitionistic extension.

Thus, applying this to the coalgebraic semantics of, for example, Dunn’s positive modal logic
(see, e.g., [3]) would give us the representation for an intuitionistic modal logic with both modal
operators and several compatibility axioms. However, one of the most prominent intuitionistic
modal logics does not fit into this framework:

Definition 2 (Axiomatisation of IK). An algebra (H,A,V,—,[0,0, T, 1) is called an IK-algebra
if (H,\,V,—, T, 1) is a Heyting algebra, and it satisfies the following modal axioms:

1. 07T =T 2. 0L =1
3. O(anb)=0anDb 4. O(aVb)=30aV Ob
A. O(a—b)<UOa— Ob | B. Oa — 0Ob <O(a — b)
TABLE 1. Axioms for IK-algebra. [5]
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The logic associated with IK-algebras is often called IK or Fischer-Servi logic; its semantics
differ from other intuitionistic modal logics, and it has some strong claims to providing a good
intuitionistic analogue for classical modal logic — for example, there exists a standard translation for
it into intuitionistic first order logic (see [6] for details). Given the interaction between modalities
and implications in axioms A and B, there is no ostensible positive reduct for which IK is the
smallest intuitionistic extension.

Recall that given a set (X, R), we write OgrU = {# € X : Jy,2Ry and y € U} and OrU =
X — Or(X —U). We will also make use of bimodal general frames:

Definition 3. A O-frame is a triple (X, Rn, Ry) such that X is an Esakia space, and the following
conditions hold:

e Rp|x] is a closed upset
o Rylx] is a closed downset
e If U is a clopen upset, then QU and (U are clopen upsets

Definition 4. A FS-frame is an intuitionistic general frame (X, R) such that the following condi-
tions hold:

(T1) R[z] is closed

(T2) R[ftz] is a closed upset

(T3) If U is a clopen upset, then O gU and [<,p)U are clopen upsets

(T4) Rlz] = Rltz] 0 Rla]

By the results in [5], there is a duality between FS-frames and IK-algebras. Thus, an FS-frame

is a OJO-frame where R := RoN R, and the following conditions hold:
(i) Ry = {(RoN Ry) and
(ii) R =< O(RD N RQ)

Our goal is to find an endofunctor on Esakia spaces such that its coalgebras correspond in a
natural way to F'S-frames. This can be done in steps, starting by representing [I(-frames; these
correspond to the smallest intuitionistic extension of positive modal logic satisfying IK axioms
(1-4). Thus, our first step is to turn a OJO-frame into a coalgebra.

Definition 5. Let V be a Priestley endofunctor taking a space X to a space V(X) C P(X).
The Vietoris topology on V(X) is given by sets of the form [U] = {C € V(X)|C C U} and
(Vy={C CV(X)|ICNV £}, for U,V clopen.

Definition 6. The functors VT(X) and V*(X) (called the upper Vietoris space and lower Vietoris
space of X) are defined as follows:

(1) VI(X) = {C C X|C is a closed upset}, ordered by reverse inclusion, with the topology
given by sets of the form [U] and (X — V') for U,V clopen upsets of X;

(2) VH(X) = {C C X|C is a closed downset }, ordered by inclusion, with the topology given
by sets of the form [U] and (X — V) for U,V clopen downsets of X.

A O0-frame (X, R, Ry) has two relations, where Rx] is a closed upset and Ry[z] a closed
downset, from which we obtain the following:

Theorem 7. There is a 1-1 correspondence between [IO-frames and coalgebras for the Priestley
endofunctor (VT x V¥). By the results in [2], the categories of OO-frames and CoAlg(Va (VT x V1))
are isomorphic.

As an intuition for the algebraically-minded, if Dy is the dual distributive lattice to X, then V'
dually corresponds to generating the free distributive lattice over {Jala € Dx} and quotienting
over the normality axioms for (. Similarly, V¥ does so over {(ala € Dx}. Thus, IK axioms (1-4)
are taken care of. Note that in the space VT(X), elements Oa correspond to the clopen upsets [U],
and in the space V¥(X), elements (a correspond to the clopen upsets (U).
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To achieve a coalgebraic representation for FS-frames, we will need to look at subspaces which
satisfy conditions (i) and (ii). We start by identifying the following subspace of VT(X) x V(X):

Definition 8. Let F.S1(X) = {(D,C) € VI(X) x V(X)) :C =/ (DNCO)}.

Proposition 9. FSi(X) is the Priestley subspace of VT(X) x VH(X) consisting of the sets of pairs
(D,C) such that (D,C) € VI(X) x (U = V)N [U] x VH(X) = (D,C) € VI(X) x (V).

That is, for any (D,C) = (Rgolz], Ro[x]), then Rylzx] = [(Ralz] N Rylx]) for any z if and
only if axiom A is dually satisfied, corresponding to condition (i). Notice that if X is an Esakia
space, then we have implications between clopen upsets, so for axiom A we only need to add
the modal operators via the functor VI(X) x VH(X), and dually quotient over A by taking the
subspace F'S1(X). However, axiom B involves implications between modal formulas, so before we
can quotient, we must add elements of the form {a — bla,b € Dpg, (x)}. We do this via the functor
V- forming the set of closed and rooted subsets of X, and take V,.(FS1(X)) (for details, see [1]).
Now we may look at a subspace satisfying (ii):

Definition 10. Let F'S2(X) = {C € V,.(FS1(X))|V(D,E) € C, y € D and y < z, there exists
(D',E") > (D,E) in C such that z € D'N E'}

Proposition 11. F'Sy is the Priestley subspace of V,.(FS1) for which aziom B dually holds, i.e.
YU,V € ClopUp(X), C € [-(VI(X) x (U)U[V] x VHX)] = C € [[U— V] x VHX)].

We now have a 1-1 correspondence between FS-frames (X, R) and maps o : X — FS3(X)
which commute with the root map r : F.So(X) — FS1(X). To turn these into coalgebras for an
appropriate endofuntor on Esakia spaces, we look at the composition V[, o F'Sp(X). Here, the r
superscript specifies that we preserve the first layer of implications, which we added previously;
maps preserving this layer are called r-open. This leads us to our main result:

Theorem 12. The following are in 1-1 correspondence:
(1) FS-frames (X, R),
(2) r-open Priestley maps o : X — FS3(X), and
(3) Coalgebras for the Esakia endofunctor Vi.(FSa(X))

Our method extends to image-finite Kripke frames as well using the P, and Pg functors from
[1], in an analogous way to the case in [2], by using Birkhoff duality in place of Priestley duality.
We then use this representation to derive several results that follow from coalgebraic completeness.
Specifically, we characterize bisimulations and the construction of free IK-algebras. In further work,
we also intend to look at frame conditions of special interest, namely those of monadic intuitionistic
propositional calculus (MIPC), and intuitionistic S4.
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