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History of Gödel Logics

1932–33 Gödel: Introduced intermediate logics Gn. Proved existence of
infinitely many logics between classical and intuitionistic.

1959 – Dummett’s Infinite-Valued Gödel Logic: Replaced finite chains
by the full [0, 1] interval, adding the linearity axiom
(A→ B) ∨ (B → A);

1991 – Avron’s Hypersequent Calculus with a communication rule
capturing linearity proof-theoretically.

1998 – Hájek’s t-Norm Logics: Unified Gödel, Łukasiewicz, and
Product logics into the t-norm–based fuzzy-logic framework.

Since 1990s – Viennese School: Baaz, Ciabattoni, Metcalfe, Olivetti,
Pichler, Zach et al. deepened proof theory, fragments, Kripke semantics,
and complexity analysis.

And many more...
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Propositional logic

Usual propositional language, countably many propositional variables Ai,
connectives ∧,∨,→, constants ⊥,⊤. Truth-value set V ⊆ [0, 1], closed, with
0, 1 ∈ V . abbreviations ¬A := A→ ⊥, ⊤ := ⊥ → ⊥.

Evaluations
Fix a truth value set {0, 1} ⊆ V ⊆ [0, 1]
v maps propositional variables to elements of V

I(A ∧B) = min{I(A), I(B)}
I(A ∨B) = max{I(A), I(B)}

I(A→ B) =

{
I(B) if I(A) > I(B)

1 if I(A) ≤ I(B).
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Negation

This yields the following definition of the semantics of ¬:

I(¬A) =

{
0 if I(A) > 0

1 otherwise
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Definition of the logic

GV = {A : ∀v into V : v(A) = 1}

Examples

V = {0, 1} → GV = CPL

V1 = {0, 1/2, 1}, V2 = {0, 1/3, 1} → GV1 = GV2

V↑ = {1− 1/n : n ≥ 1} ∪ {1} → GV↑ = G↑

V↓ = {1/n : n ≥ 1} ∪ {0} → GV↓ = G↓

Vm = {1} ∪ {1− 1/k : 1 ≥ k ≥ m− 1}→ GVm = Gm
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Why Define a Logic by Its Valid Sentences?

Issue: Different value-sets V ⊆ [0, 1] can induce the same Gödel logic GV .

e.g.

V↑ = { 1− 1
n : n ≥ 1} ∪ {1} and V ′

↑ = { 1− 2
n : n ≥ 1} ∪ {1}

both yield G↑.

In fact, there are uncountably many closed subsets of [0, 1] but only
countably many distinct propositional Gödel logics.
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The ∆ operator
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The ∆ operator

I(∆A) =

{
1 I(A) = 1,

0 otherwise.

Baaz introduced and axiomatised in the context of Gödel logics

parallels the ‘recognizability’ of 0, i.e., makes 1 recognizable.

axiomatization of Gödel logics with ∆ using Hilbert style calculus

∆ is semantically a crisping or stability operator — behaves S4-like.

∆ is not definable using ∧,∨,→,⊥,⊤ (check small finite-valued
examples).

△ allows the definition of a strict order <△.

A <△ B ≡ ¬△(B ⊃ A)
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There is no connective △ definable with other connectives and variables

Proof.
There are a finite number of 1-variable functions in Gödel logic.

⊤,⊥, A,¬A,¬A ∨A,¬A ⊃ A

Assume that △ is definable by some of the function F , i.e., △(A) ↔ F (A).
Now we look at the F in G3, because if △ is not definable in G3 then it is not
definable in all larger Propositional Gödel logics.
The following truth table shows that none of them defines △ and they are
closed under composition by all connectives:

A ¬A ⊤ ⊥ A ∨ ¬A ¬A→ A △A
0 1 1 0 1 0 0

1/2 1/2 1 0 1/2 1 0
1 0 1 0 1 1 1

Therefore we introduce the connective △ extending the language.
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Suppose △A is definable by some A′. Thus △A↔ A′.
Then as △A ∨ ¬△A holds then A′ ∨ ¬A′ would also be valid, which is not a
case.
Consider: valuations of A between 0 and 1, then the valuation of ¬A is false,
thus the valuation of A′ ∨ ¬A′ is not 1.
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Axiomatisation of ∆

Baaz gave the following Hilbert style axiomatisation of the ∆ operator:

∆1 ∆A ∨ ¬∆A
∆2 ∆(A ∨B) → (∆A ∨∆B)

∆3 ∆A→ A

∆4 ∆A→ ∆∆A

∆5 ∆(A→ B) → (∆A→ ∆B)

A ⊢ ∆A

Extension of the interpretation:

I(∆A) =

{
1 if I(A) = 1

0 if I(A) < 1
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Over the full interval [0, 1] the logic admits hypersequent calculi; for the
first-order case there are even cut-free hypersequent calculi available
(this underpins completeness and proof-theoretic analyses).

Standard Gödel logics enjoy the full deduction theorem; adding ∆
breaks this property in general (so the deduction theorem may fail in the
presence of ∆).
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Lemma (Gluing lemma)

Let I be an interpretation into V ⊆ [0, 1]. Let us fix a value ω ∈ [0, 1] and
define

Iω(P) =

{
I(P) if I(P) ≤ ω,
1 otherwise

for atomic formula P in LI . Then Iω is an interpretation into V such that

Iω(B) =

{
I(B) if I(B) ≤ ω,
1 otherwise

Theorem

1-satisfiability in first-order Gödel logics coincides with classical satisfiability
iff 0 is isolated.
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In the following cases, 1-satisfiability in Gödel logics is classical satisfiability:
1) In the propositional case
2) In the first-order case, where the truth value set is arbitrary but 0 is isolated
3) The prenex fragment for any truth value set
4) The existential fragments for any truth value set
5) The ⊥ - free fragment is G[0,1] 1-satisfiable iff it is classical satisfiable.
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Why Eliminate ∆?

Simplifies semantic and proof–theoretic analysis

Restores substitution–closure (lost once ∆ is added)

Influences axiomatizations and decision procedures We achieve this
elimination by systematically transforming formulas containing △ into
chain normal forms, decomposing complex expressions into linear
chains devoid of the absoluteness operator.
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Restricted semantics
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Restricted semantics G−
V

Definition
Restricted semantics: valuations I with the extra constraint that every atomic
proposition p (except the constant ⊤) satisfies I(p) < 1.

All atoms (except ⊤) are interpreted with values < 1

Consequence: certain substitution properties fail, but ∆ becomes
amenable to elimination : AS ¬△X is true for any variable, ¬△⊤ is
false.

The notion of restricted semantics (all atoms except ⊤ interpreted
strictly below 1) is, to our knowledge, novel and has not been
systematically studied in the literature.
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Equivalence between Restricted and Standard Validity

The formula F (x1 . . . xn) in Gödel logic G−
△ is valid in the restricted

semantics iff (¬△x1 ∧ . . .∧¬△xn) → F is valid in Gödel logics G△ with △
in the usual semantics .

“⇒”
In G−

V , all xi < 1 so ¬∆xi holds. Since F is valid there, the implication is 1
in standard semantics.

“⇐”
If ¬∆xi → F is valid in standard semantics, then under the restriction
(xi < 1) the premise is 1, forcing F = 1.

validity in G−
V reduces to a single implication in standard GV with

premises ¬∆xi.
If atoms are always < 1, then ∆ applied to atoms is always 0.
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Chains and chain normal form
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Definition

A chain C over the set of propositional variables X = [X1, ...Xn] is an
expression (ordering of these variables relative to the constants ⊤ and ⊥,
described by positions of variables)

⊥ ▷1 XΠ(1) ▷2 ⊤ ▷1 XΠ(2) ▷3 · · · ▷n XΠ(n) ▷n+1 ⊤

where Π is permutation on [1 . . . n] and ▷i∈ {<,↔}. We denote a chain in
the restricted semantics by C−. A chain C− does not provide the equivalence
of an form a↔ ⊤ for any variable a.

Every chain describes an order type of the variables X .

For each valuation there is a chain that matches the ordering of
truth-values assigned to atoms.
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Disjunction of chains

Standard semantics: the full disjunction of all chains
∨
C is valid.

Restricted semantics: the disjunction of restricted chains
∨
C− is valid.

Chains enumerate all linear orderings of variable–truth assignments

Disjunction over them covers every valuation ⇒ at least one chain holds
⇒ disjunction = 1

In restricted semantics we use only those chains compatible with atoms
< 1 (call them restricted chains).

This observation is the backbone: we will transform formulas into a
disjunction over chains, then treat each conjunct separately
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Chain Normal Form (CNF) without ∆

Definition
The chain normal form without △ for a formula with △ in the restricted
semantics is obtained from the expression

∨
C− ∧ ψc(a) where

∨
C− are all

restricted chains without △ and ψc(a) is an evaluation over the chain C− of a
with variables among the variables of the chain, after the following steps:

1 If ψc(a) = ⊥, drop chain.
2 If ψc(a) = ⊤, keep chain.
3 If ψc(a) is an atom < 1, drop chain.

There might be copies of chains - restrict definition to only one chain of
the specific type.

The chains are only distinguished by the order of the variables in the
equivalences.

corresponds to the disjunctive normal form of classical logic.
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Equivalence Principle Failure
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Equivalence Principle and a Counterexample

so-called equivalence principle A↔ B ⇒ E(A) ↔ E(B) for a given context
E generally hold for Gödel logics without △ even in first-order language
because of the full deduction theorem. But it does not hold when △ is
presented also for the restricted semantics.

Example
The specific case A↔ B ⇒ △(A) ↔ △(B) for the △ operator also fails in
the restricted semantics.
To illustrate, let assign to A value 1 and to B some value strictly between 0
and 1. In this case, △A is 1 and △B is 0, yet A↔ B is not 0. This
contradiction demonstrates why the principle does not hold universally.
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Key Lemmas

Lemma (Context-Closure)
For any formulas A,B,C,D, and any context function E, the following
implication holds: from A ∨B ∧ (C ↔ D) we derive
A ∨B ∧ (E(C) ↔ E(D))

This lemma holds for both standard and restricted semantics. Moreover,
in standard Gödel logics without △, it ensures full equivalence, as these
logics satisfy the full deduction theorem.

This is used to push implication-clauses into contexts — needed to
eliminate inner ∆ occurrences.
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Proof.
By induction on complexity of the context E.

Uses ∆-distribution and that A ⊢ ∆A.

Semantic observation - if C ↔ D holds, then the implication X → C is
valid for an appropriate choice of X .

A ∨B ∧ (C ↔ D)

△(A ∨B ∧ (C ↔ D))

△A ∨△B ∧△(C ↔ D))

△A→ A △B → B △A ∨△B ∧ (△C ↔ △D)

A ∨B ∧ (△C ↔ △D)

and in consequence for any context function E.
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Lemma (Transitivity)
The transitive closure of equivalence in the restricted semantics holds, i.e., for
any formulas C,D,L:

(A ∨ (B ∧ (C ↔ D))) ∧ (D ↔ L) ⇒ (A ∨B ∧ (C ↔ L)).

Proof.
This follows from the fact that in general in all Gödel logics

C ↔ D D ↔ L
C ↔ L

Therefore

A ∨B ∧ (C ↔ D) A ∨B ∧ (D ↔ L)

A ∨B ∧ (C ↔ L)
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Lemma (Local ∆–Elimination)
Given any expression △(C ∨ (D ∧ a)) for some variable a in the restricted
semantics where C,D are valid expressions we can eliminate △ obtaining C

△(C ∨ (D ∧ a))
C

Proof.
Distribute ∆, use ∆⊤ = 1 and ∆ on valid subformulas C,D.

△(C ∨ (D ∧ a))
△C ∨△(D ∧ a)
C ∨ (△D ∧△a)
C ∨ (D ∧ ⊥)

C ∨ ⊥
C
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Main Theorem

Theorem

In the restricted semantics each formula F with △ is equivalent to a
disjunction of chains without △.

Proof.
1 Decompose F into restricted chains C−

i . Consider the disjunction of
chains C1 ∨ . . . ∨ Cn corresponding to the variables in F under the
assumption that no atoms besides ⊤ are interpreted at 1.

2 Distribute F over this disjunction: F ≡
∨

i(C
−
i ∧ F ).

3 Apply Lemmas 1–3 to each conjunct to remove all ∆.
4 Result is a ∆–free disjunction of chains.

By reformulating formulas into CNF, we ensure that △ can be systematically
removed while preserving the validity of equivalence. The final form is a
disjunction of chains without △, which evaluates to 1.
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Example
F := a ∨△(a ∨ a→ ⊥), the corresponding chain decomposition yields three
chains in standard semantics:

(⊥ ↔ a) < ⊤, (⊥ < a) < ⊤, (⊥ < 1 ↔ a)

for some variable a. disjunction of restricted chains
(⊥ ↔ a) < ⊤ ∨ (⊥ < a) < ⊤. The CNF in the restricted semantics
(⊥ ↔ a) < ⊤ ∧ F ∨ (⊥ < a) < ⊤ ∧ F . evaluate from innermost first.

Evaluation of the first chain: Evaluation of the second chain:
a ∨△(a ∨ ⊤) a ∨△(a ∨ ⊥)
a ∨△⊤ a ∨△a
a ∨ ⊤ a ∨ ⊥
⊤ a

⊥

a ∨△(a ∨ a→ ⊥) ↔ ¬a.
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Substitution and Restricted Semantics

This example also illustrates the fact that the restricted semantics is not closed
under substitution. Assume we substitute ⊤ for a, we obtain

⊤ ∨△(⊤ ∨⊤ → ⊥) ↔ ¬⊤

and consequently ⊤ ↔ ⊥.
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First-Order Limitations
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Full characterization of Axiomatizability

Theorem (Baaz, Preining)
A first-order Gödel logic GV is recursively enumerable iff one of the following
conditions is satisfied:
1. V is finite,
2. V is uncountable and 0 is an isolated point,
3. V is uncountable, and every neighbourhood of 0 is in the prefect subset.

Not recursively enumerable
countably infinite truth value set

every neighbourhood of 0 is countably infinite
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Full characterization of ∆-Axiomatizability

Recursively axiomatizable
finitely valued

V contains a perfect subset P and for both 0 and 1 it holds that they are
either in the perfect kernel or isolated (4 cases)

Not recursively enumerable
countably infinite truth value set

either 0 or 1 is not isolated but not in the perfect kernel
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First-Order Limitations

The argument used for the propositional case does not extend to the first-order
case.

when 1 is not isolated and not in a perfect set, however, 0 is isolated or in
a perfect set, the first-order Gödel logic with △ is not recursively
enumerable, while the first-order logic without △ is. This holds both for
standard and restricted semantics

Therefore there is not even an effective validity equivalence elimination
of △, and obviously no valid equivalence as in the propositional case.

Motivation for eliminating △ is multifaceted. Primarily, it simplifies the
study of prenex fragments, facilitating clearer semantic interpretations,
quantifier manipulations, and decision procedures.
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Conclusions & Open Questions

Restricted semantics trades substitution-closure for ∆-elimination (lose
substitution-closure of semantics but gain elimination and simpler
propositional theory).

Under restricted semantics every propositional formula with ∆ has a
∆-free equivalent (disjunction of chains).

First-order case remains inherently more complex, topological properties
of the truth set and recursion-theoretic consequences require further
study.

extend to first-order logic when 1 is isolated

Extend to other intermediate/modal logics?

Complexity of decision procedures in G−
V ?
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Thank You

Questions?
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