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Epistemic logic: consequence relations over languages with epistemic modal
operators (knowledge, belief, evidence...)
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Realistic?
m X valid — OX valid, X entails Y — X entails (0Y,
OX and OY = OXAY)
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Epistemic logic: consequence relations over languages with epistemic modal
operators (knowledge, belief, evidence...)

Realistic?
m X valid — OX valid, X entails Y — X entails (0Y,
OX and OY = OXAY)

By = OX—Y) OXand O-X = 0OY

m K/ B as entailment by an “evidential state”? Interplay K-B-E?
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Goal:
i) Knowledge = true belief based on correct evidence
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Goal:
i) Knowledge = true belief based on correct evidence
L prop. entailed by recognised evidence

i) Weak closure principles <— neigbourhoods + non-classical base

T no
OXAOY = OXAY) no
OxAYy) = OX yes
Oy = OX —Y) no
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Goal:
i) Knowledge = true belief based on correct evidence
L prop. entailed by recognised evidence

i) Weak closure principles <— neigbourhoods + non-classical base

grT no
OXAOY = OXAY) no
OXxXAYy) = 0OX yes
Oy = OX —Y) no

Approach:

Distributive lattice logic with K and B in terms of neighbourhoods for two
kinds of E (add — and — you like).
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Goal:
i) Knowledge = true belief based on correct evidence
L prop. entailed by recognised evidence

i) Weak closure principles <— neigbourhoods + non-classical base

grT no
OXAOY = OXAY) no
OXxXAYy) = 0OX yes
Oy = OX —Y) no

Approach:

Distributive lattice logic with K and B in terms of neighbourhoods for two
kinds of E (add — and — you like).

Alternative? L X := X A Y (Oy(Y — X) ALY A:Y). Undecidable.
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Frame: (S, <,N;, N;) where (S, <) is a poset and, for N € {N,, N, },
N:%(S)—%(S) N.(X)CX

(thatis, s € N(X) ands < tonlyift € N(X)). We'lluse X € N(s) and
s € N(X) interchangeably.
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Frame: (S, <,N;, N;) where (S, <) is a poset and, for N € {N,, N, },
N:%(S)—%(S) N.(X)CX

(thatis, s € N(X) ands < tonlyift € N(X)). We'lluse X € N(s) and
s € N(X) interchangeably.

Fix an agent.

m s € N,(X) if the agent recognises X as evidence in s (according to info in
s..andall't > s)

m s € N,(X) if X is correct evidence, in the context of s (...and all t > s:
correctness is indefeasible). Correct evidence is truthful, at least.
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We define three operators B,C, K : % (S) — % (S)

B(X)={s|IY(Y C X & s e N,(Y))}
CX)={s|IY(Y CX & s Ny(Y))}
K(X)={s|3Y(Y CX & s N,(Y)NN(Y))}

i.e. belief = support by recognised evidence, knowledge = support by
recognised correct evidence.
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We define three operators B,C, K : % (S) — % (S)

B(X)={s|3Y(Y T X & s N(Y))}
CX) ={s|IY(Y CX & s€Ny(Y))}
K(X)={s|3IY(Y CX & s e N,(Y)NN,(Y))}

i.e. belief = support by recognised evidence, knowledge = support by
recognised correct evidence.

Example (a Gettier case). Alice and Berta are in the library. Daniel sees
Alice, but not Berta, and he thinks that Alice is Camille’s sister. In fact, Berta is
Camille’s sister.

Daniel recognises evidence “Alice is in the library and Alice is Camille’s sister”
for “Camille’s sister is in the library”, but this evidence is not correct.
Daniel doesn’t know that Camille’s sister is in the library.
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Completeness?
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Completeness? Representation of algebras!
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Completeness? Representation of algebras!

Let A = (A, A, V, O, O¢, Ok) be a distributive lattice with unary operators
DB, Dc, [k such that

Oka < Oga A ca Oca < a O(anb) <Oanlb

forJ € {DB, Dc, DK}
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Completeness? Representation of algebras!

Let A = (A, A, V, O, O¢, Ok) be a distributive lattice with unary operators
DB, Dc, [k such that

Oka < Oga A ca Oca < a O(anb) <Oanlb
forJ € {DB, Dc, DK}

Example. Complex algebra F* = (% (S),N, U, B,K) of frame F.
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Leti € {0,1} and let PF;(A) be the set of pairs (p, i) where p is a prime filter
on A. We denote as p;(a) the set of (p, i) where a € p.

We'll write a € (p, i) for a € p. Addition is modulo 1 (1 +1 = 0).
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Leti € {0,1} and let PF;(A) be the set of pairs (p, i) where p is a prime filter
on A. We denote as p;(a) the set of (p, i) where a € p.

We'll write a € (p, i) for a € p. Addition is modulo 1 (1 +1 = 0).

Prime filter frame A, = ( | | PFi(A), <*, N/, NZ2)
ie{0,1}
m(p,i) < (p,i")iffpCpandi="1
m NA(s;) = {pis1(a) | Osa € s;} U {po(@) Ups(a) | Oka € s;}
m NA(s;) = {pi(a) | Oca € si} U {po(a) Upi(a) | Oka € s;}
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Leti € {0,1} and let PF;(A) be the set of pairs (p, i) where p is a prime filter

on A. We denote as p;(a) the set of (p, i) where a € p.
We'll write a € (p, i) for a € p. Addition is modulo 1 (1 +1 = 0).

Prime filter frame A, = ( | | PFi(A), <*, N/, NZ2)
ie{0,1}
m(p,i) < (p,i")iffpCpandi="1
m NA(si) = {pir1(a) | Osa € s;} U{po(a) Ups(a) | Oxa € s}
m N2(s;) = {pi(a) | Tca € si} U {po(a) Upi(a) | Oka € s;}

{p
{p

Key Fact. NA(s;) =4 NA(s;) N NA(s;) = {po(a) Upi(a) | Oka € s;}.
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Leti € {0,1} and let PF;(A) be the set of pairs (p, i) where p is a prime filter
on A. We denote as p;(a) the set of (p, i) where a € p.

We'll write a € (p, i) for a € p. Addition is modulo 1 (1 +1 = 0).

Prime filter frame A, = ( | | PFi(A), <*, N/, NZ2)
ie{0,1}

m(p,i) < (p,i")iffpCpandi="1
m NA(si) = {pir1(a) | Osa € s;} U{po(a) Ups(a) | Oxa € s}
m N2(s;) = {pi(a) | Oca € s;} U {po(a) Up:(a) | Oka € s}
Key Fact. NA(s;) =4 NA(s;) N NA(s;) = {po(a) Upi(a) | Oka € s;}.
Frame Lemma.

a) N4 and N are monotone along <*.

b) X € N4(s;) implies s; € X.
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Theorem. A embeds into (A,)™".
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Theorem. A embeds into (A;)™.
Proof. Leta = |, pi(a). We have

m s ¢ Cgaiff Oga € s, iff pir1(a) € NA(s;). Then s; € B(a) since pi1(a) C a.

Conversely, if 3X C as.t. X € NA(s;), then X = p;,1(x) for Ogx € s; or
X = po(x) Up1(x) for Oxx € s;. In both cases Ugx € s; (by Lg-mono and
Okx < Ogx). Hence, Uga = B(a).
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Theorem. A embeds into (A;)™.
Proof. Leta = |, pi(a). We have

m s € Ogaiff Opa € s iff prit(a) € NA(s;). Then's; € B(3) since piy1(a) C a.

Conversely, if 3X C as.t. X € NA(s;), then X = p;,1(x) for Ogx € s; or
X = po(x) Up1(x) for Oxx € s;. In both cases Ugx € s; (by Lg-mono and
Okx < Ogx). Hence, Uga = B(a).

m s € Okaiff Oxa € s; iff po(@) U pi(a) € NA(s;) by Key Fact iff 3X C @ s.t.
X € N2(s;) by Og-mono iff s; € K(a).

Igor Sedlar (ICS CAS) Relevant Epistemic Logic TbiLLC 2025

7/9



Theorem. A embeds into (A;)™.
Proof. Leta = |, pi(a). We have

m s ¢ Cgaiff Oga € s, iff pi+1(a) € NA(s;). Then's; € B(a) since pi11(a) C a.
Conversely, if 3X C as.t. X € NA(s;), then X = p;,1(x) for Ogx € s; or
X = po(x) Up1(x) for Oxx € s;. In both cases Ugx € s; (by g-mono and
Okx < Ogx). Hence, D/\Ba = B(a).

m s € Okaiff Oxa € s; iff po(@) U pi(a) € NA(s;) by Key Fact iff 3X C @ s.t.
X € N2(s;) by Og-mono iff s; € K(a).

S < ﬁc\aimplies pi(a) € NA(s;) implies 3X C @s.t. X € N4(s;). Conversely,
3X Cast X € NA(s;) only if X = pi(x) for Ocx € s or X = po(x) U ps(x) for
E’Q € s;. In both cases [lgx € s; (by Lg-mono and Ulxx < Cex). Hence,
Dca = 0(5)
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Theorem. A embeds into (A;)™.
Proof. Leta = |, pi(a). We have

m s ¢ Cgaiff Oga € s, iff pi+1(a) € NA(s;). Then's; € B(a) since pi11(a) C a.
Conversely, if 3X C as.t. X € NA(s;), then X = p;,1(x) for Ogx € s; or
X = po(x) Up1(x) for Oxx € s;. In both cases Ugx € s; (by g-mono and
Okx < Ogx). Hence, D/\Ba = B(a).

m s € Okaiff Oxa € s; iff po(@) U pi(a) € NA(s;) by Key Fact iff 3X C @ s.t.
X € N2(s;) by Og-mono iff s; € K(a).

S < ﬁc\aimplies pi(a) € NA(s;) implies 3X C @s.t. X € N4(s;). Conversely,
3X Cast X € NA(s;) only if X = pi(x) for Ocx € s or X = po(x) U ps(x) for
E’Q € s;. In both cases [lgx € s; (by Lg-mono and Ulxx < Cex). Hence,
Dca = C(é)

Hence, is hom. It is injective by the Prime Filter Theorem. O
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Extensions?
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Extensions?

Theorem. If A satisfies Equation, then A, satisfies Frame Property. If F
satisfies Frame Property, then F satisfies Equation:
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Extensions?

Theorem. If A satisfies Equation, then A, satisfies Frame Property. If F
satisfies Frame Property, then F satisfies Equation:

Equation Frame Property
OanDb<O(aAb) O-regularity | X,Y € Ng(s) = XNY € No(s)
T<0OT O-normality No(s) #0
Igor Sedlar (ICS CAS) Relevant Epistemic Logic TbiLLC 2025

8/9



Extensions?

Theorem. If A satisfies Equation, then A, satisfies Frame Property. If F
satisfies Frame Property, then F satisfies Equation:

Equation Frame Property
OanDb<O(aAb) O-regularity | X,Y € Ng(s) = XNY € No(s)
T<0OT O-normality No(s) #0

Stalnaker’s axioms [lga < [k[ga (positive introspection) and [ga < [lgllka
(strong belief) require modifications (e.g. generalised frames).
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Done:
m template for (non-classical) epistemic logics of K-B-E
B representation / completeness
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Done:
m template for (non-classical) epistemic logics of K-B-E
m representation / completeness

To do:
m decidability

m multi-agent (easy), group epistemic notions (common and distributed
knowledge, “common evidence”)

m variations (e.g. degrees of belief)
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Done:
m template for (non-classical) epistemic logics of K-B-E
m representation / completeness

To do:
m decidability

m multi-agent (easy), group epistemic notions (common and distributed
knowledge, “common evidence”)

m variations (e.g. degrees of belief)

Thank you!
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