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Team Semantics

ESO vs. team logics
0000 000000

First order logic with team semantics
Basic team semantics

Convex fragment of ESO
00000

Relational signature o. Basic syntax of FO in NNF:
vi=al (@A) (@VY) ] 3xy | Vxy

Semantics: teams are sets of assignments.
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First order logic with team semantics

Basic team semantics

Relational signature o. Basic syntax of FO in NNF:
Yu=al (@A) (Y Ve) | 3Ixy | vxyp

Semantics: teams are sets of assignments.

For FO,-literals a: A TEa «— fateT: AtlFa
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T = t, | W T |= red(x)
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First order logic with team semantics

Basic team semantics

ESO vs. team logics
000000

Convex fragment of ESO
00000

Relational signature o. Basic syntax of FO in NNF:

Y=l (@A) (¥VY)|3Ixy | Vxi

Semantics: teams are sets of assignments.
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Team Semantics
0000

First order logic with team semantics

Basic team semantics

Relational signature o. Basic syntax of FO in NNF:

Ypru=al (@AD) [ (Y V)| 3xy | Vg

ESO vs. team logics

000000

Semantics: teams are sets of assignments.

J-quantification:

t
to
t3
ta

> H H B | X

2, T = Ixp

T =

—

Convex fragment of ESO
00000

ex. set of extension(s) T s.t. 2L, T' |= ¢

T |= 3z(green(z))
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First order logic with team semantics

Basic team semantics

Relational signature o. Basic syntax of FO in NNF:
pr=al (WAD) [ (PVeY)|Ixy | Vxy

Semantics: teams are sets of assignments.

V-quantification: A TEYxe <<= T[il] |E= ¢ (set of all extensions)
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Team Semantics

ESO vs. team logics
0000 000000

First order logic with team semantics
Basic team semantics

Convex fragment of ESO
00000

Relational signature o. Basic syntax of FO in NNF:
Yi=al(@AY)| (Y V)| Ixyp | Vxip

Semantics: teams are sets of assignments.

For all ¢ € FO,, o-structures A and teams T of 2:

A TIEe <<= fateT:AtkEp
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Team semantics
Team atoms

Add atoms representing team concepts:

Dependence: 2, T |=dep(x;y) iff fa.t, t'eT: t(x)="t(x)=t{y)="t().
fa.ae: T§H§(77 Y) = TE»—)E(Y) S TE»—)E(y)
with TE._>§ = {t eT | t(?) = 5}

Inclusion: A TIExCy) iff T(Xx)CT(H).
Exclusion: 2, T = (x]y) iff  TG)NT(y)=0.

Independence: A, T |E (xLzy)  iff

Corresponding team properties:
e FO(dep) is downward closed: A, T|=pand TTC T —= A T'|EF¢
e FO(inc) is union closed: A, Ty |[Fpand A, o= = A, THUT =
e Empty team property A, 0 |= ¢
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Typical classification results

Existential second-order logic (ESO):
FO with 3-quant. over relations and functions
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Typical classification results

Existential second-order logic (ESO):
FO with 3-quant. over relations and functions

All prominent team logics are fragments of ESO.

Goal: find team logic L that corresponds to a property P:

A typical classification result

For all o(R) € ESO with property P there is a ¢ (y) € L (and vice versa) such that

. U

for all structures 21 and teams T. )
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Team logics

Expressiveness and hierarchy

Established classification results:

Downward closure (Vaananen 2007, Kontinen, Vdananen 2009)

FO(dep) = downward closed ESO.
FO(dep) = ESO on sentences.

Full ESO (Galliani 2011)
FO(indep) = ESO.

Union closure (Hoelzel, Wilke 2021)

FO(U — game) = union closed ESO.




How to translate ESO-formulae into team logics?
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Translating ESO-formulae

Main ingredients I: skolemisation

How to translate ESO-formulae into team logics?

Skolemisation (as applied in Vaananen, 2007)

For every formula ¢ € ESO there is a p° = ¢ of the form
o =3 . N K

where ¢ € FO(f1, ..., f,) such that f; only appears in the form f;(X;) and all x;,X; are
pairwise disjoint.

How does this help with the translation?
@ FO kernel is unproblematic due to flatness
@ SO features are confined to functions
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Translating ESO-formulae

Main ingredients I: skolemisation

How to translate ESO-formulae into team logics?

Skolemisation (as applied in Vdananen, 2007)

For every formula ¢ € ESO there is a ¢° = ¢ of the form
©* =3 ... VX1 ... XpY

where ¢» € FO(f1, ..., f,) such that f; only appears in the form f;(X;) and all X;,X; are
pairwise disjoint.

How does this help with the translation?
@ FO kernel is unproblematic due to flatness

@ SO features are confined to (neat) functions
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Translating ESO-formulae

Main ingredients Il: simulating functions

Simulate functions with teams:

Swapping between functions and teams

Let ©» € FO(f1,. .., f,) such that f; only appears in the form fi(X;) and all X;,X; are
pairwise disjoint. Construct 1* from v by replacing all instances of fj(x;) by fresh
variables z;. Then the following are equivalent:

@ A1 [3] EVxi...Xnt.
o lef%[ X...X f%l”: @D*(ylvzlwua?mzn)-

' x ... x f% is the product of graphs of £%,... %

n
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Translating ESO-formulae

Main ingredients Il: simulating functions

Simulate functions with teams:
Swapping between functions and teams

Let ©» € FO(f1,..., f,) such that f; only appears in the form fi(X;) and all x;,X; are
pairwise disjoint. Construct 1* from ¢ by replacing all instances of fj(x;) by fresh
variables z;. Then the following are equivalent:

@ A1 [3] EVxi...Xnt.
o lef%[ X...X f%l”: @b*(ylvzlwua?mzn)-

' x ... x f% is the product of graphs of £%,... %

n

We have 2= 3f ... fVx1.. . Xpp = A|EVRL ... X032 . .. zy0)*
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Function atoms

Dependence atoms are downward closed function atoms:
A, T|e= AL dep(Xi;z)) <= ex. ... fFst T(X1z1,...,%Xn2n) T3 X ... X 2.
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Function atoms

Dependence atoms are downward closed function atoms:
A, T|e= AL dep(Xi;z)) <= ex. ... fFst T(X1z1,...,%Xn2n) T3 X ... X 2.

Introducing function atoms for other properties:

Upward closure: lax function atom

A, T|EFF, 2. .. Xnyzn) <= ex ... st

2 2 - -
i X ...xf, C T(X121,...,XnZn)- )
Union closure: strict function atom

A T|EF(x, 2zl [Xnyzn) <= ex (flgif?f,),el s.t.

T(X1z1,...,%nzn) = | Jflh x ... x T
iel

.
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Logics with function atoms

A dep(Xi; z) P = "downward-closure”
Let vp == ¢ F(X1, z1] ... |Xn, zn) P = “upwards-closure”
F(x1, 21| ... [Xn, zn) P = “union-closure”

2, T |=~p if and only if T is function-like relative to P.
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Logics with function atoms

A dep(Xi; z) P = "downward-closure”
Let vp == ¢ F(X1, z1] ... |Xn, zn) P = "“upwards-closure”
F(x1, 21| ... [Xn, zn) P = “union-closure”

A, T |= ~p if and only if T is function-like relative to P.

Classifications for sentences

For sentences, ESO = FO(dep) = FO(F) = FO(F) via

Ql):ﬂﬂ...f,,wl...i,,zp <~ QleWl...Y,,Elzl...z,,(qp/\z/z*).
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Logics with function atoms

A dep(Xi; z) P = "downward-closure”
Let vp == ¢ F(X1, z1] ... |Xn, zn) P = "“upwards-closure”
F(x1, 21| ... [Xn, zn) P = “union-closure”

A, T |= ~p if and only if T is function-like relative to P.

Classifications for sentences

For sentences, ESO = FO(dep) = FO(F) = FO(F) via

Ql)zﬂﬂ...f,,wl...i,,zp <~ QleWl...Y,,Elzl...z,,(qp/\z/z*).

Recall general classification: Ql[T,g)] FEo <<= AT|Ee"

How to get rid of R?
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Dealing with team predicate R

Normal forms & auxiliary formulae

Use normal forms corresponding to property P
~+ Confines R to auxiliary (p:

e Downward closed:

A = IX(YW(RwW — XW) A (X))
@ Upward closed:

A = IX(YW(Xw — Rw) A (X))
@ Union closed: f.a. a € R¥,

A, 3 | IX(Vw(Xw — Rw) A (X))

dfy .. VX ..

VX1...Xp3dzy .

Convex fragment of ESO
00000

¥

normal form,
skolemisation

.?n([))p VAN 1/1)

Tarski/team
translation

. zp(vp A Bp NYF)
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Dealing with team predicate R

Normal forms & auxiliary formulae

Convex fragment of ESO
00000

Use normal forms corresponding to property P 4
~ Confines R to auxiliary Sp: normal form,
@ Downward closed: skolemisation
A = IX(YW(RwW — XW) A (X)) Iy R %(Be A1)
o Upward closed:
A = IX(VW(XW — Rw) A (X)) Tarski/team
@ Union closed: f.a. 3 € R%, translation

2,3 = IX(Yw(Xw = Rw) A (X)) VX1 ... Xn3z1 ... za(p A B A P¥)
Last step: find B;‘f with l7

AP T I8y — 0T 5%

w.r.t. function-like T. VX1...Xp3z1 ... Zp(7p A ﬁﬁ A P¥)
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Classification results

Classifications for sentences

For sentences, ESO = FO(F) = FO(F).

Union closure

Every union closed ¢(R) € ESO is equivalent to a formula in FO(FF), and vice versa.

Upward closure

Every upward closed ¢(R) € ESO is equivalent to a formula in FO(F).*

(*Note that FO is not upward closed)
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Convexity

©(R) € ESO is convex if for all structures 2 and R¥ C R* C RY,

Wl keamda[F]Ee = 2}]Ew
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Quasi-convexity

Quasi-convexity

¢(R) € ESO is quasi-convex if for all structures 2 and () # R} C R* C RY,

W keamda[FEe = 2}]Ew




Team Semantics ESO vs. team logics Convex fragment of ESO
0000 000000 00000

Quasi-convexity

Quasi-convexity

©(R) € ESO is quasi-convex if for all structures 2 and () # R C R* C RY,

A pandaX] e = AR EFo

Refines downward and upward closure:
o Upward and downward closed formulae are quasi-convex

o F.a. quasi-convex ¢, ex. 1/| closed ', o+ € ESO s.t. o = ¢! A @¥.
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Convex FO

e FO is quasi-convex
@ dep and F atoms are quasi-convex
e FO(dep,F) is not!

Neither \V nor 3 preserve quasi-convexity

Convex fragment of ESO
0@000



Team Semantics ESO vs. team logics Convex fragment of ESO
0000 000000 0@000

Convex FO

e FO is quasi-convex
@ dep and F atoms are quasi-convex
e FO(dep, F) is not!

Neither \V nor 3 preserve quasi-convexity

T, TulE 01V 2
T, Ty |E 3xe

TlE 1V
T |=8xyp

}iffex.@#T,QTg Tus.t.{

cvx(¢) is constructed from ¢ by replacing V/3 with ¢/4.
FO™* = {cvx(¢) | ¢ € FO}.
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Convex FO

Sanity check: ¢ = cvx(y) for all ¢ € FO

g and ¥ preserve quasi-convexity
~» FO®*(dep, F) is quasi-convex

Combine translations for upward and downward closed ESO-formulae:

Quasi-convexity

Every quasi-convex p(R) € ESO is equivalent to a formula in FO®*(dep, F).




¢(R)

dep(?z zlz) A dep(; 222)

Adep(X1;z1) A ... Adep(Xn; zn)
ANy =x%—=2f
ANBXY 2 2%y ... Xp821 ... 2420

=2) A (p(X))*
F(xY,z); ,z) %1, z;
ANzl =20 - y=x

-1 Xns Zn;
")

ANEY =27 = 2" = 2") A (X))

=3

<

DA

‘v’7271...7n§|zlzzzzzl...z,,

)
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Summary

@ There is a unified approach to the classification of ESO-fragments via team logics
with function atoms.

@ Quasi-convexity is a refinement of upward and downward closure, and there is a
conservative convexification FO®* of FO.

@ The function atoms F and [F can be used in a characterisation of the quasi-convex
fragment and a novel characterisation of the union closed fragment, respectively.
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