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Kuznetsov-Muravitsky Logic (Around 1978)

KM = IPC□ + (p → □p) (1)

+ ((□p → p) → p) (2)

+ (((p → q) → p) → (□q → p)) (3)

For instance the following are provable

(p → q) → (□p → □q),

(p ↔ q) → (□p ↔ □q)
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Kripke sematics for KM

Definition 1.1 (KM-model)

KM-frame F = (W ,≤, <) is a poset W where < is a the
reflexive reduction of ≤ and without any infinite strictly
ascending chains.

KM-model is a KM-frame equipped with a valuation ν
making (W ,≤) an intuitionistic model and with:

(ν, x) |= □φ ⇐⇒ ∀y , x < y =⇒ (ν, y) |= φ

Theorem 1.2 (Muravitsky 1981)

Logic KM enjoys the finite model property and hence is decidable.

Theorem 1.3 (Darjania 1984)

KM is complete with respect to the finite KM-tree-frames.
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Kuznetsov’s Theorem

Kuznetsov proved that,

Theorem 1.4 (Kuznetsov 1985 published posthumously)

For any IPC-formulæ φ, ψ,

KM+ φ ⊢ ψ ⇐⇒ IPC+ φ ⊢ ψ.

Proof sketch:

IPC+ φ ⊢ ψ ⇒ KM+ φ ⊢ ψ

is trivial.
Kuznetsov’s proof of

KM+ φ ⊢ ψ ⇒ IPC+ φ ⊢ ψ

is essentially proof-theoretic, based on an inductive elimination of
the modality from inferences.
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Algebraic semantics for KM

Kuznetsov and Muravitsky studied their calculus in parallel with its
algebraic semantics, via KM-algebras (original name:
∆-pseudoboolean algebras.)

Definition 2.1

A KM-algebra is a Heyting algebra (H,∧,∨, → , 0, 1) together
with a unary operation ∆ satisfying the identities

x ⩽ ∆x

∆x → x = x

∆x ⩽ y ∨ y → x .
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∆-enrichable Heyting Algebras

Definition 2.2 (∆-enrichment)

An element h of a Heyting algebra H is called enriched by an
element ∆(h), if

h ⩽ ∆(h)

(∆(h) → h) ⩽ h

∆(h) ⩽ x ∨ (x → h) for any x ∈ H

A Heyting algebra H is called ∆-enrichable if each element is
enrichable or in other words, if there is an operation ∆ on H such
that (H,∆) is a KM-algebra, (Note: ∆h appers to be the least
element x ∈ H such that x → h ≤ h)
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Relative dense elements

Definition 2.3

An elements d ∈ H of a Heyting algebra H is called dense over a,
if a ⩽ d and d → a = a.

Lemma 2.4

For elements a, d ∈ H the following are equivalent:

1 d = x ∨ x → a for some x ∈ H.

2 d is dense over a

3 d → a ⩽ d

(1) ⇒ (2): It is clear that a ⩽ d and

d → a = (x → a) ∧ (x → a) → a = (x → a) ∧ a = a

(2) ⇒ (3): Obvious, by transitivity of ⩽
(3) ⇒ (1): Obvious, for d → a ⩽ d implies d = d ∨ (d → a)
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Non-∆-enrichable Heyting Algebras

Not all Heyting algebras are ∆-enrichable.

Example 2.5

Consider a linear Heyting algenra

H = {r | r ∈ Q and 0 ≤ r ≤ 1}

For r ̸= 1 in H there does not exist ∆H(a).

Example 2.6

The following vertical sum is ∆-enrichable.

Ĥ = ⊕{ωr | ωr = ω, r ∈ H}

The class of KM-reducts is closed under products and
homomorphic images, but as the examples above show, it is not
closed under subalgebras.
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An Algebraic Approach

Remark 2.7

Kuznetsov’s theorem is equivalent to the statement that every
variety of Heyting algebras is generated by reducts of KM-algebras.

Remark 2.8

In fact Muravitsky also showed that Kuznetsov’s theorem implies
existence of an embedding of any Heyting algebra H into a
KM-algebra generating the same variety of Heyting algebras as H.

Despite multiple attempts by several people, including Muravitsky
himself, there was no purely algebraic construction of such an
embedding.

Goal: to give an explicit construction of such an embedding.
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Filters of relatively dense elements

Definition 2.9

An elements d ∈ H of a Heyting algebra H is dense over a, if
a ⩽ d and d → a = a.

Let Da(H) be the subset of H consisting of all elements dense over
a. That is,

Da(H) = {d ∈ H | a ⩽ d and d → a = a} .

It is straightforward to check that Da(H) is a filter.

Proposition 2.10 (Folklore, see Esakia 2006 or Muravitsky 2014 )

A Heyting algebra H is a reduct of a KM-algebra if and only if for
every a ∈ H the filter Da(H) is principal.

The smallest element of Da(H), when it exists, is denoted by
∆H(a).
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Extension by constants

Definition 3.1

Given an algebra A in a variety V, the variety VA is obtained by
extending the signature of V with the set of constants {ca | a ∈ A}
and adding to the identities of V the set of identities
t1(ca1 , . . . , can) = t2(ca1 , . . . , can) for every pair of terms t1, t2 of
the same arity and every a1, . . . , an ∈ A such that
t1(a1, . . . , an) = t2(a1, . . . , an).

VA(A) is the subvariety of VA generated by the algebra
(A, (a)a∈A). I.e., A is seen as a VA-algebra via interpreting the
constant ca as a for each a ∈ A.

Note: In essence, VA is an algebra of homomorphisms, and VA(A)
is a subvariety generated by the identity morphism.
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Membership of VA and VA(A)

Remark 3.2

HSP theorem tells us that a V-algebra A′ belongs to the
subvariety V(A) of V generated by A iff there are
homomorphisms A′ ↞ S ↪→ AJ (that is, a set J, a subalgebra
S ⊆ AJ and an onto homomorphism S ↠ A′).

In case of VA, such an S must be also a VA-subalgebra of the
J-th power of the identity map A → A viewed as an A-algebra,
that is, of the A-algebra given by the diagonal embedding
A ↪→ AJ , sending a ∈ A to the constant family (aj = a)j∈J .
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The one-step enrichment

Let D = Da(H) and ι : Da(H) → H the identical embedding.
Let Fa be the filter of H⟨ι⟩ generated by the subset
{ι→ δ | δ ∈ Da(H⟨ι⟩)} and π : H⟨ι⟩ ↠ H⟨ι⟩/Fa = H⟨∆(a)⟩;

Theorem 4.1

For any Heyting algebra H and any a ∈ H, the subalgebra
H⟨ι⟩ ⊆ HD contains the diagonal H ⊆ HD together with ι, such
that

(a) the filter Dπ(a)(H⟨∆(a)⟩) is the principal filter generated by
the element ∆(a) := π(ι);

(b) the composite homomorphism H ↪→ H⟨ι⟩ ↠ H⟨∆(a)⟩ is
one-to-one;

(c) for any b ∈ H with Db(H) principal, the filter Dπ(b)(H⟨∆(a)⟩)
is principal too.
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Remark

Remark 4.2

Note that, since H⟨ι⟩ ⊆ HDa(H) contains the diagonal, with
Remark 3.2 we have actually proved that H ↪→ H⟨∆(a)⟩ viewed as
an H-algebra, i. e. an algebra in the variety VH , in fact belongs to
the variety VH(H) generated by id : H → H.
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Remark

Shifting from HD to H⟨ι⟩ is essential. Consider

H =

{
0 < · · · < 1

n
< · · · < 1

3
<

1

2
<

1

1
= 1

}
.

In this algebra d ∈ D0(H) iff d > 0.
For some n0 > 0, let δ0 : D0(H) → H be the map given by

δ0

(
1

n

)
=

1

n + n0
.

Then ι→ δ0 = δ0 ⩽ 1
n0
, so if instead of H⟨ι⟩ we would take any

algebra H ′ with H⟨ι⟩ ⊆ H ′ ⊆ HD0(H) such that δ0 ∈ H ′, then for
the filter F ′ of H ′ generated by {ι→ δ | δ ∈ D0(H

′)} we would get
that 1

n0
∈ F ′, so that the composite H ↪→ H ′ ↠ H ′/F ′ would not

be an embedding.
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Existence and Uniqueness of an Extension

We must perform the construction for all elements of a given
Heyting algebra, and it should be carried out in a consistent
manner.
What follows characterizes the construction by means of a
universal property.

Proposition 5.1

Let f : H → H ′ be a homomorphism of Heyting algebras such that
the VH -algebra (H ′, (f (h))h∈H) belongs to the variety VH(H). For
a ∈ H, suppose that H ′ possesses ∆(f (a)), i. e. the filter
Df (a)(H

′) is principal, with smallest element ∆(f (a)). Then, there

is a unique extension of f to a homomorphism f̃ : H⟨∆(a)⟩ → H ′

along the inclusion H ↪→ H⟨∆(a)⟩ satisfying f̃ (∆(a)) = ∆(f (a)).
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The order of enrichment does not matter

Corollary 5.2

For any a, b ∈ H, there is a unique isomorphism between the
algebras H⟨∆H(a)⟩

〈
∆H⟨∆H(a)⟩(b)

〉
and H⟨∆H(b)⟩

〈
∆H⟨∆H(b)⟩(a)

〉
which identifies ∆H⟨∆H(b)⟩(a) with ∆H(a), ∆H⟨∆H(b)⟩(b) with
∆H(b), and fixes H.

Repeatedly using Corollary 5.2 we obtain that for any finite subset
S ⊆ H there is an embedding H ⊆ H⟨∆(S)⟩, defined uniquely up
to a unique isomorphism, with H⟨∆(S)⟩ possessing ∆(a) for all
a ∈ S , and moreover for any two such subsets S ,T with S ⊆ T
there is a unique one-to-one homomorphism
H⟨∆(S)⟩ ↪→ H⟨∆(T )⟩ preserving H and all ∆(a) for a ∈ S .
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Limit Step One

We obtain a directed system of embeddings of algebras
H⟨∆(S)⟩ in the variety of H, indexed by all finite subsets of H.

Let H⟨∆⟩ be the direct limit of this system.
The direct limit of a directed diagram of algebras in any
variety stays in the same variety and moreover that if all
transition maps in a directed diagram are embeddings, then all
of the induced homomorphisms to the limit are embeddings
too (see e. g. Grätzer 2008 (second edition), xx+586 pages,
Chapter 3, Exercises 34, 35).

We thus obtain that H⟨∆⟩ is in the variety of H and all
induced homomorphisms H⟨∆(S)⟩ → H⟨∆⟩ are embeddings.
In particular, the resulting map H → H⟨∆⟩ is also an
embedding.
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Limit Step Two

New elements may appear in H(∆) to enrich.

Next, iterating this construction, we obtain another directed
system, now an ω-chain, H = H0 ↪→ H1 ↪→ H2 ↪→ · · · , with
Hn+1 = Hn⟨∆⟩.

We denote the limit of this chain by HKM. We then have

Theorem 5.3

The algebra HKM is a KM-algebra belonging to the variety of H,
and H embeds into it.
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Last Remark

One might wonder whether all these steps are in fact necessary.

Let H = [0, 1] be the real unit interval with its linear order, viewed
as a Heyting algebra.

∆(x) does not exist for any x ∈ [0, 1), so H1 = H ⟨∆⟩ is
obtained by adding one such for each x , with ∆(x) < y for all
x < y ∈ [0, 1].

Now none of the new ∆(x) possess ∆(∆(x)), so in H2 we
have to add them.

Passing to the limit, we get HKM with a copy of
ω = {∆(x) < ∆2(x) < ∆3(x) < · · · } inserted above each
x ∈ [0, 1), with ∆n(x) < y for all n and all x < y ∈ [0, 1].
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Thank you!
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See: Jibladze, Mamuka & Kuznesov, Evgeny (2025), An explicit
Kuznetsov-Muravitsky enrichment, Annals of Pure and Applied
Logic Volume 176, Issue 10, December 2025
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