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Degree of Kripke-incompleteness

Kripke-completeness of modal logic

A Kripke-frame is a pair F = (X ,R) where X is a non-empty set and R a binary relation on X

A normal modal logic is a set of formulas L ⊇ CPC closed under (MP), (Nec) and (Sub)
Let K be the least normal modal logic and NExt(K) denote the lattice of all normal modal logic

For each class K of frames, we write Log(K) for the set of formulas

{φ : K |= φ}

For each modal logic L, we write Fr(L) for the class of frames

{F : F |= L}

A modal logic L is Kripke-complete if L = Log(Fr(L))
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Degree of Kripke-incompleteness

Kripke-completeness

Kripke-completeness of modal logics has been extensively studied since 1960s.

[Thomason, 1972] established the existence of Kripke-incomplete tense logics

[Fine, 1974] and [Van Benthem, 1978] gave examples of Kripke-incomplete modal logics

One step further? Where are Kripke-incomplete logics located in the lattice NExt(K)?

Degree of Kripke-incompleteness!
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Degree of Kripke-incompleteness

Degree of Kripke-incompleteness

Fine introduced the degree of Kripke-incompleteness of logics [Fine, 1974]

Let L be a lattice of logics and ≡Fr the equivalence relation on L such that

L1 ≡Fr L2 iff L1 shares the same class of frames as L2, i.e., Fr(L1) = Fr(L2).

For each L ∈ L, let

[L]≡Fr
:= {L′ ∈ L : Fr(L) = Fr(L′)}

The degree of Kripke-incompleteness degL(L) of L in L is defined to be the cardinality of [L]≡Fr

L is said to be strictly Kripke-complete in L if degL(L) = 1
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Degree of Kripke-incompleteness

Blok’s dichotomy theorem on Kripke-incompleteness

One of the most important result on Kripke-incompleteness in NExt(K) [Blok, 1978]:

every modal logic L ∈ NExt(K) is of the degree of Kripke-incompleteness 1 or 2ℵ0

union-splittings in NExt(K) are exactly the strictly Kripke-complete logics
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Degree of Kripke-incompleteness

Splittings

Let L be a lattice of logics and L1, L2 ∈ L. Then ⟨L1, L2⟩ is called a
splitting pair in L if,

for all L ∈ L, exactly one of L ⊆ L1 and L ⊇ L2 holds

We say L1 splits the lattice L and we call L2 the splitting of L by L1
and denote it by L/L1 (if L = NExt(L0), we also write L0/L1)

L is called a union-splitting in L if L =
⊕

i∈I Li for some family
{Li : i ∈ I} of splittings
L is called a iterated splitting in L if L = L/L1/L2/ · · · /Ln for some
L1, L2, · · · , Ln such that L is well-defined
(specially, if L = NExt(L0), L0 is also an iterated splitting)

NExt(K)

•
K

•D

•Log(•)

•
L♢

•
Log(◦)
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Degree of Kripke-incompleteness

More on the Degree of Incompleteness

Study the degree of Kripke-incompleteness in NExt(K) =⇒ Study ≡Fr in NExt(K)

What if we replace Fr with some other class C of structures?

Modal algebras MA: every normal modal logic is strictly MA-complete

Neighborhood frames NF: [Chagrova, 1998], [Dziobiak, 1978] and [Litak, 2004] ...

Degree of incompleteness in different lattices of logics, instead of NExt(K)

A longstanding open problem: Does Blok’s dichotomy theorem hold for K4, S4, or IPC?

[Fornasiere and Moraschini, 2024]: Degrees of Kripke-incompleteness of implicative logics:

the trichotomy theorem: the degree is one of 1, ℵ0 and 2ℵ0
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Degree of Kripke-incompleteness

More on the Degree of Incompleteness

We could also do some combination:

[Bezhanishvili et al., 2025]: Anti-dichotomy theorem of the degree of FMP for K4, S4, or
IPC: for each cardinal κ with 0 < κ ≤ ℵ0 or κ = 2ℵ0 , there exists L of degree of FMP κ

[Dziobiak, 1978]: dichotomy theorem for the degree of NF-incompleteness in the lattice
Ext(D⊕ (□np → □n+1p)) for all n ∈ ω

[Fornasiere and Moraschini, 2024]: Degrees of Kripke-incompleteness of implicative logics:

the trichotomy theorem: the degree is one of 1, ℵ0 and 2ℵ0

In this talk, we focus on the degree of Kripke-incompleteness of tense logics
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Degree of Kripke-incompleteness

Tense Logics

A tense logic is a bi-modal logic L with two unary modalities □ (always true in the future) and
♦ (possibly true in the past) such that:

♦φ→ ψ ∈ L if and only if φ→ □ψ ∈ L

As usual, we have ■φ := ¬♦¬φ and ♢φ := ¬□¬φ

Alternatively, a tense logic is a normal bi-modal logic containing the axioms:

p → □♦p

p → ■♢p

Kripke-frame for tense logics: F = (X ,R,R−1)

Let Kt be the minimal tense logic, K4t = Kt ⊕ ♢p → ♢♢p and S4t = K4t ⊕ p → ♢p
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Degree of Kripke-incompleteness

Tense Logics

Tense logics are ‘innocent expansion’ of modal logics

Lattices of tense logics are substantially different from those of modal logics

The lattice NExt(K) contains only 2 co-atoms [Makinson, 1971]
However, there are 2ℵ0 co-atoms in NExt(Kt), even in NExt(K4t) (see [Chen and Ma, 2024])

There are countably many splittings in NExt(K) [Blok, 1978], while
there is exactly one splitting in NExt(Kt) [Kracht, 1992]

Degree of Kripke-incompleteness in lattices of tense logics?
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Degree of Kripke-incompleteness

Degree of Kripke-incompleteness in NExt(K4t) and NExt(Kt)

One result about the lattices NExt(K4t) and NExt(Kt) from our previous work [Chen, 2025]

Theorem (Blok’s Theorem for NExt(Kt) and NExt(K4t))

Let L ∈ NExt(Kt) (or L ∈ NExt(K4t)). Then the following are equivalent:

L is a union-splitting

deg(L) = 1

deg(L) ̸= 2ℵ0

Q. Chen Degree of Kripke Incompleteness in Tense Logics September 8, 2025 14 / 20



Degree of Kripke-incompleteness

In this work...

We turn to study the degree of Kripke-incompleteness of NExt(S4t) and show the following:

Theorem (Blok’s Theorem for NExt(S4t))

Let L ∈ NExt(S4t). Then the following are equivalent:

L is an iterated splitting in NExt(S4t)

deg(L) = 1

deg(L) ̸= 2ℵ0

One more thing: there exists L ∈ NExt(S4t) which is not a union-splitting but with degree 1
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Outline
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2 Dichotomy Theorem for NExt(S4t)
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Dichotomy Theorem for NExt(S4t )

Iterated splittings in NExt(S4t)

Recall from [Kracht, 1992] that ⟨Log(C2),S5t⟩ and ⟨Log(◦),Lt⟩
are the only two splitting pairs in NExt(S4t), where C2 = (2,≤)
and S5t = S4t ⊕ (p → □♢p)

Lemma

Let L ∈ NExt(S4t). Then the following are equivalent:

L is an iterated splitting in NExt(S4t)

L ∈ NExt(S5t) ∪ {S4t}

Theorem

Every iterated splitting in NExt(S4t) is strictly Kripke-complete

NExt(S4t)

•
S4t

•
S5t

•Log(C2)

•
Lt
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Dichotomy Theorem for NExt(S4t )

Non-iterated splittings in NExt(S4t)

Take any non-iterated splitting L in NExt(S4t).
It suffices now to prove that deg(L) = 2ℵ0

To make the idea precise, let us focus on a
concrete logic L0 = S4t ⊕□♢p → ♢□p

How to show that L0 is not strictly complete?

Consider the general frame F = (F,A) on the
right hand side, where A is the set of all finite
and co-finite subsets of X

Let L′ = L0 ∩ Log(F). Then □♢p → ♢□p ̸∈ L′

◦a0

◦a1

◦a2

◦a3

◦a4

◦ b0

◦ b1

◦ b2

◦ b3

◦ b4

◦ai−1

◦ai

◦ai+1

◦ bi−1

◦ bi

◦ bi+1

◦
r0

◦ r ′◦r1

...
...

...

...
...

...

◦x0

◦x1

◦x2

◦ y0

◦ y1

◦c0

◦c2

◦c3

...

◦ci

...

...

◦
uL

FL

R
md(φ)
♯ [wL]

◦
wL
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It suffices now to prove that deg(L) = 2ℵ0

To make the idea precise, let us focus on a
concrete logic L0 = S4t ⊕□♢p → ♢□p

How to show that L0 is not strictly complete?

Consider the general frame F = (F,A) on the
right hand side, where A is the set of all finite
and co-finite subsets of X

Let L′ = L0 ∩ Log(F). Then □♢p → ♢□p ̸∈ L′
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Non-iterated splittings in NExt(S4t)

The general F has several special properties:

Lemma

Finr (Log(F)) = Frr (Log(F)) = {◦,C2}.

Lemma

Fr(L) = Fr(L′).

Theorem

deg(L0) > 1.
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Non-iterated splittings in NExt(S4t)

How to construct 2ℵ0 logics in [L0]Fr?

For each I ⊆ ω, construct FI by adding points
{ci : i ∈ I} and the corresponding arrows to F:

Lemma

For all distinct I , J ⊆ Z+,

L0 ∩ Log(FI ) ̸= L0 ∩ Log(FJ)

As a corollary, we see deg(L0) = 2ℵ0
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Non-iterated splittings in NExt(S4t)

How to construct 2ℵ0 logics in [L]Fr for
arbitrarily chosen non-iterated splitting L?

For each L, construct FL
I by replacing F0 with

FL, where FL ∈ Finr (S4t), φ ∈ L \ S4t ,
FL,wL ̸|= φ and uL ̸∈ R

md(φ)
♯ [wL]

Theorem

For all distinct I , J ⊆ Z+,

L ∩ Log(FI ) ̸= L ∩ Log(FJ)

As a corollary, we see deg(L) = 2ℵ0 for all
non-iterated splittings
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Conclusions

Blok’s dichotomy theorem is generalized from NExt(K) (also NExt(Kt)) to NExt(S4t)

Future works:

Degree of Kripke-incompleteness for other lattices of logics, say, NExt(S4.3t) or Ext(IPC)

Degree of incompleteness w.r.t other semantics, for example, topological semantics

Back to the basic modal case :)
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