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Introduction

Normal modal logics
By a logic we mean a set of formulas which is closed under some rules

The language 45 of modal logic defined as follows:

o3pu=peProp|L]|(p—¢)]| e
A normal modal logic is a set L of formulas which contains
@ axioms of the classical propositional logic CPC,
e O(p— q) — (Op — Ogq)
and closed under the following rules
(MP) from a and o — f3 infer

(SUb) from a(p()’ e ’pn) infer 04(8007 e 7‘pn)
(Nec) from « infer o

Q. Chen Lattices of Transitive Tense Logics October 15, 2025 4/33



Introduction

Normal modal logics
By a logic we mean a set of formulas which is closed under some rules

The language 45 of modal logic defined as follows:

o3pu=peProp|L]|(p—¢)]| e

A normal modal logic is a set L of formulas which contains
@ axioms of the classical propositional logic CPC,
e O(p— q) — (Op — Ogq)
and closed under the following rules
(MP) from a and o — f3 infer
(Sub) from a(po, - - , pn) infer a(wo, -+, ¢n)
(Nec) from « infer o

Let K denote the minimal normal modal logic and NExt(K) the set of all normal modal logics
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Introduction

Kripke semantics of modal logics

A Kripke-frame is a pair § = (X, R) where X is a non-empty set and R a binary relation on X

We write § = ¢ if the formula ¢ is valid in §
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Introduction

Kripke semantics of modal logics

A Kripke-frame is a pair § = (X, R) where X is a non-empty set and R a binary relation on X

We write § = ¢ if the formula ¢ is valid in §

For each class K of frames, we write Log(KC) for the set of formulas

{p:VEeKF Ep)}

For each modal logic L, we write Fr(L) for the class of frames

{§:VoeLF o)}
A modal logic L is Kripke-complete if L = Log(Fr(L))
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Introduction

Lattices of logics

Note that NExt(K) is closed under arbitrary intersection, (NExt(K), C) is a complete lattice

We define lattice-theoretical operations /\ and € as follows:
ANLi:iely=NgLiand @{Li:icl}=N{L:L2DL;forallicl}
The top element of (NExt(K), C) is the set .Z5 of all modal formulas and the bottom element

is K. We write NExt(K) for both (NExt(K), C) and (NExt(K), A, @B, 20, K)

For each normal modal logic L and formula ¢ € 4, we write L & ¢ for the minimal normal
modal logic containing L U {p}. For example, we have

o Lfh=Kep
o K4 = Log({F : § is transitive}) = K& 0Op — Op
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Why lattices of logics?

The normal modal logic K is well-studied and we know a lot about it:
e K is complete w.r.t the class of all Kripke frames (Kripke-completeness)
K is complete w.r.t the class of all finite Kripke frames (FMP)
K has the Craig interpolation property

o
o
o K is finitely axiomatizable
o K is decidable

°
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Why lattices of logics?

The normal modal logic K is well-studied and we know a lot about it:
e K is complete w.r.t the class of all Kripke frames (Kripke-completeness)

K is complete w.r.t the class of all finite Kripke frames (FMP)

K is finitely axiomatizable
K is decidable

o
@ K has the Craig interpolation property
o
o

We could also ask questions like:

(1) given a formula ¢, is the normal modal logic K & ¢ = 277

(2) given a formula ¢, is there any ' C % such that L1 = K@ ¢ # K@ T = L, while
Fr(Ll) = FF(LQ)?

These problems are not just about K itself, but also about logics in NExt(K)
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Decidability of consistency in NExt(K)
Actually (1) is decidable in the following sense
Theorem
The following set is decidable:

{pe LLh:Kep=2}

o & = E A
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Decidability of consistency in NExt(K)
Actually (1) is decidable in the following sense
Theorem
The following set is decidable:
Lemma

{pe LLh:Kep=2}
The key observation is the following lemma ([Makinson, 1971]):
NExt(K) contains only two co-atoms

=] & = E 9agC
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Introduction

Kripke-completeness

To look for a solution for (2), we need to take a closer look at Kripke-completeness

Kripke-completeness of modal logics has been extensively studied since 1960s.

Q. Chen Lattices of Transitive Tense Logics October 15, 2025 9/33



Introduction

Kripke-completeness

To look for a solution for (2), we need to take a closer look at Kripke-completeness
Kripke-completeness of modal logics has been extensively studied since 1960s.
[Thomason, 1972] established the existence of Kripke-incomplete tense logics

[Fine, 1974] and [Van Benthem, 1978] gave examples of Kripke-incomplete modal logics
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To look for a solution for (2), we need to take a closer look at Kripke-completeness
Kripke-completeness of modal logics has been extensively studied since 1960s.
[Thomason, 1972] established the existence of Kripke-incomplete tense logics

[Fine, 1974] and [Van Benthem, 1978] gave examples of Kripke-incomplete modal logics

Where are Kripke-incomplete logics located in the lattice NExt(K)?
Is there any normal modal logics share the same class of frames with Log(e)? How many?
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Kripke-completeness

To look for a solution for (2), we need to take a closer look at Kripke-completeness
Kripke-completeness of modal logics has been extensively studied since 1960s.
[Thomason, 1972] established the existence of Kripke-incomplete tense logics

[Fine, 1974] and [Van Benthem, 1978] gave examples of Kripke-incomplete modal logics
Where are Kripke-incomplete logics located in the lattice NExt(K)?

Is there any normal modal logics share the same class of frames with Log(e)? How many?
Degree of Kripke-incompleteness!
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Degree of Kripke-incompleteness

Fine introduced the degree of Kripke-incompleteness of logics [Fine, 1974]

o & = E A
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Degree of Kripke-incompleteness

Degree of Kripke-incompleteness

Fine introduced the degree of Kripke-incompleteness of logics [Fine, 1974]

Let £ be a lattice of logics and =f, the equivalence relation on £ such that

L1 =, Ly iff Ly shares the same class of frames as Ly, i.e., Fr(L1) = Fr(L2).

For each L € L, let

(L=, ={L" e L:Fr(L) =Fr(Ll")}

The degree of Kripke-incompleteness deg (L) of L in L is defined to be the cardinality of [L]=,

L is said to be strictly Kripke-complete in L if deg (L) =1
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Degree of Kripke-incompleteness

Blok's dichotomy theorem on Kripke-incompleteness

One of the most important results on Kripke-incompleteness in NExt(K) [Blok, 1978]:
o every modal logic L € NExt(K) is of the degree of Kripke-incompleteness 1 or 2%
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Degree of Kripke-incompleteness

Blok's dichotomy theorem on Kripke-incompleteness

One of the most important results on Kripke-incompleteness in NExt(K) [Blok, 1978]:
o every modal logic L € NExt(K) is of the degree of Kripke-incompleteness 1 or 2%
@ union-splittings in NExt(K) are exactly the strictly Kripke-complete logics
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Splittings

Let £ be a lattice of logics and Ly, Ly € £. Then (L, Ly) is called a
splitting pair in L if,

for all L € L, exactly one of L C L1 and L O L, holds

We say L; splits the lattice £ and we call L, the splitting of £ by L
and denote it by £/L; (if £ = NExt(Lg), we also write Lo/L1) o
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Union-splittings
L is called a union-splitting in L if L = @, L; for some family
{Lj : i € I} of splittings
SR = T 9ac




Degree of Kripke-incompleteness

Union-splittings

L is called a union-splitting in L if L = @, L; for some family
{L; : i € I} of splittings

Theorem ([Takahashi, 2025])
The set {¢ : K@ @ is a union splitting} is decidable
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Degree of Kripke-incompleteness

lterated splittings

L is called a iterated splittingin L if L= L/L1/Ly/--- /L, for some
Li,Ly,---, L, such that Ly splits L and forall 1 </ <n

Lit1 splits the lattice NExt(L/L1/ -+ /L;)

(specially, if £ = NExt(Lg), Lo is also an iterated splitting)
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Degree of Kripke-incompleteness

lterated splittings

L is called a iterated splittingin L if L= L/L1/Ly/--- /L, for some
Li,Ly,---, L, such that Ly splits L and forall 1 </ <n

Lit1 splits the lattice NExt(L/L1/ -+ /L;)

(specially, if £ = NExt(Lg), Lo is also an iterated splitting)

For example, 25 = K/Log(e)/Log(o) is an iterated splitting .
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Blok's theorem on Kripke-incompleteness

Blok's theorem on Kripke-incompleteness in NExt(K) [Blok, 1978]:

e every modal logic L € NExt(K) is of the degree of
Kripke-incompleteness 1 or 2%

e union-splittings in NExt(K) are exactly the consistent strictly
Kripke-complete logics
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Kripke-complete logics

Q. Chen Lattices of Transitive Tense Logics October 15, 2025 16 /33



Degree of Kripke-incompleteness

Blok's theorem on Kripke-incompleteness

Blok's theorem on Kripke-incompleteness in NExt(K) [Blok, 1978]:

e every modal logic L € NExt(K) is of the degree of
Kripke-incompleteness 1 or 2%

e union-splittings in NExt(K) are exactly the consistent strictly
Kripke-complete logics

o iterated splittings in NExt(K) are exactly the strictly
Kripke-complete logics

Q. Chen Lattices of Transitive Tense Logics October 15, 2025 16 /33



{¢ : K@ ¢ is strictly Kripke-complete}

Decidability of strict Kripke-completeness
Now we have an answer to (2)
Theorem
Strict Kripke-completeness is decidable in NExt(K), that is, the following set is decidable:
o F = £ DAl




Decidability of strict Kripke-completeness

Now we have an answer to (2)

Theorem

Strict Kripke-completeness is decidable in NExt(K), that is, the following set is decidable:

{¢ : K@ ¢ is strictly Kripke-complete}

The observation is

Lemma

{¢ : K@ ¢ is strictly Kripke-complete} = {¢ K@ p=20}U{p KDy isa union-sp/itting}J
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More on the Degree of Incompleteness

Study the degree of Kripke-incompleteness in NExt(K) = Study =, in NExt(K)

o & = E A
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More on the Degree of Incompleteness

Study the degree of Kripke-incompleteness in NExt(K) = Study =, in NExt(K)

What if we replace Fr with some other class C of structures?
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More on the Degree of Incompleteness

Study the degree of Kripke-incompleteness in NExt(K) = Study =, in NExt(K)

What if we replace Fr with some other class C of structures?
@ Modal algebras MA: every normal modal logic is strictly MA-complete
@ Neighborhood frames NF: [Chagrova, 1998], [Dziobiak, 1978] and [Litak, 2004] ...
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Degree of Kripke-incompleteness

More on the Degree of Incompleteness

Study the degree of Kripke-incompleteness in NExt(K) = Study =, in NExt(K)

What if we replace Fr with some other class C of structures?
@ Modal algebras MA: every normal modal logic is strictly MA-complete
@ Neighborhood frames NF: [Chagrova, 1998], [Dziobiak, 1978] and [Litak, 2004] ...

Degree of incompleteness in different lattices of logics, instead of NExt(K)
@ A longstanding open problem: Does Blok's dichotomy theorem hold for K4, S4, or IPC?

@ [Fornasiere and Moraschini, 2024]: Degrees of Kripke-incompleteness of implicative logics:
o the trichotomy theorem: the degree is one of 1, Ry and 2%°
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Degree of Kripke-incompleteness

More on the Degree of Incompleteness

We could also do some combination:

@ [Bezhanishvili et al., 2025]: Anti-dichotomy theorem of the degree of FMP for K4, S4, or
IPC: for each cardinal x with 0 < k < g or k = 2%, there exists L of degree of FMP
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More on the Degree of Incompleteness

We could also do some combination:

@ [Bezhanishvili et al., 2025]: Anti-dichotomy theorem of the degree of FMP for K4, S4, or
IPC: for each cardinal x with 0 < k < Rg or k = 280, there exists L of degree of FMP &

o [Dziobiak, 1978]: dichotomy theorem for the degree of NF-incompleteness in the lattice
Ext(D @ (0"p — O™ p)) forall n € w
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Degree of Kripke-incompleteness

More on the Degree of Incompleteness

We could also do some combination:
@ [Bezhanishvili et al., 2025]: Anti-dichotomy theorem of the degree of FMP for K4, S4, or
IPC: for each cardinal x with 0 < k < Rg or k = 280, there exists L of degree of FMP &

o [Dziobiak, 1978]: dichotomy theorem for the degree of NF-incompleteness in the lattice
Ext(D @ (0"p — O™ p)) forall n € w

o [Chernev, 2022]: Degrees of FMP in bi-intuitionistic logics

Now, let's move to tense logics
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Degree of Kripke-incompleteness

Tense logics
The language .Z; of tense logics is defined as follows:
Zri=peProp| L|(p =) [Ue| e
A tense logic is a set of .Z;-formulas L O CPC closed under (MP) and (Sub), which satisfies
(Adj) for all p,¢p € Z;, #p —p € Lifand only if o — Tp € L

Let K; be the minimal tense logic, K4; = K; & Op — OOp and S4; = K4, & p — Op
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Tense logics

The language .%; of tense logics is defined as follows:
Zri=peProp| L|(p =) [Ue| e
A tense logic is a set of .Z;-formulas L O CPC closed under (MP) and (Sub), which satisfies
(Adj) for all p,¢p € Z;, #p —p € Lifand only if o — Tp € L

Let K; be the minimal tense logic, K4; = K; & Op — OOp and S4; = K4, & p — Op
Fact
For all tense logic L, the following holds:
e OT eland Jp ANy < O(pA) el
odl L eclanddpoV &< #(pV)elL
ep—lUeépelandp—-EOpe L

- = - = = ==
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Degree of Kripke-incompleteness

Kripke frames and general frames for tense logics

A general frame is a tuple F = (X, R, A) where A is a subset of P(X) such that
e JecA

e U,VeAimpliesUNVeAand X\U€eA

e Uc Aimplies R[U] € Aand R71[U] € A
A model is a tuple 9t = (X, R, V) where V : Prop — A is called a valuation in F
For all point x € X and formula ¢ € %,

M, w = #p if and only if M, u = ¢ for some u € R [w]
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Degree of Kripke-incompleteness

Kripke frames and general frames for tense logics

A general frame is a tuple F = (X, R, A) where A is a subset of P(X) such that
e JecA

e U,VeAimpliesUNVeAand X\U€eA
e U € Aimplies R[U] € Aand R7}[U] € A

A model is a tuple 9t = (X, R, V) where V : Prop — A is called a valuation in F
For all point x € X and formula ¢ € %,

M, w = #p if and only if M, u = ¢ for some u € R [w]

A Kripke frame is a general frame of the form (X, R, P(X))

K¢, K4; and S4; are the tense logics of the class of all Kripke frames, transitive Kripke frames
and posets, respectively
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Kripke semantics of tense logics

Tense logics seems to be ‘innocent expansion’ of modal logics

Consider the following models
.\/.p .v.
x and y satisfy the same .27 formulas, while x = ¢0p and y [~ #0p

Q. Chen

Lattices of Transitive Tense Logics October 15, 2025
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Lattices of tense logics

Lattices of tense logics are substantially different from those of modal logics

The lattice NExt(K) contains only 2 co-atoms [Makinson, 1971]
However, there are 2% co-atoms in NExt(K;), even in NExt(K4.) (see [Chen and Ma, 2024])
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The lattice NExt(K) contains only 2 co-atoms [Makinson, 1971]
However, there are 2% co-atoms in NExt(K;), even in NExt(K4.) (see [Chen and Ma, 2024])

There are countably many splittings in NExt(K) [Blok, 1978], while
there is exactly one splitting in NExt(K;) [Kracht, 1992]
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Degree of Kripke-incompleteness

Lattices of tense logics

Lattices of tense logics are substantially different from those of modal logics

The lattice NExt(K) contains only 2 co-atoms [Makinson, 1971]
However, there are 2% co-atoms in NExt(K;), even in NExt(K4.) (see [Chen and Ma, 2024])

There are countably many splittings in NExt(K) [Blok, 1978], while
there is exactly one splitting in NExt(K;) [Kracht, 1992]

Degree of Kripke-incompleteness in lattices of tense logics?
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Degree of Kripke-incompleteness

Degree of Kripke-incompleteness in NExt(K4;) and NExt(K;)

One result about the lattices NExt(K4;) and NExt(K;) from our previous work [C, 2025]

Theorem (Blok's Theorem for NExt(K;) and NExt(K4;))

Let L € NExt(K:) (or L € NExt(K4:)). Then the following are equivalent:
o L is a union-splitting
e deg(L) =1
o deg(L) # 2%

Q. Chen Lattices of Transitive Tense Logics
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Degree of Kripke-incompleteness

Degree of Kripke-incompleteness in NExt(S4;)

We also studied the degree of Kripke-incompleteness of NExt(S4;) and showed the following:
Theorem (Blok's Theorem for NExt(S4;))

Let L € NExt(S4;). Then the following are equivalent:
o L is an iterated splitting in NExt(S4:)
o deg(L) =1
o deg(L) # 2%
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Degree of Kripke-incompleteness

Degree of Kripke-incompleteness in NExt(S4;)

We also studied the degree of Kripke-incompleteness of NExt(S4;) and showed the following:
Theorem (Blok's Theorem for NExt(S4;))

Let L € NExt(S4;). Then the following are equivalent:
o L is an iterated splitting in NExt(S4:)
o deg(L) =1
o deg(L) # 2%

One more thing: there exists L € NExt(S4:) which is not a union-splitting but with degree 1
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Degree of Kripke-incompleteness in NExt(S4¢)
Outline

© Degree of Kripke-incompleteness in NExt(S4;)
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Degree of Kripke-incompleteness in NExt(S4¢)

lterated splittings in NExt(S4;)

Recall from [Kracht, 1992] that (Log(€2), S5¢) and (Log(o),
are the only two splitting pairs in NExt(S4:), where €, = (2,
and S5; = S4; @ (p — OOp)

Le)
<)

7 S4t
. N EXt(S4t)
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lterated splittings in NExt(S4;)

Recall from [Kracht, 1992] that (Log(€2), S5¢) and (Log(o),
are the only two splitting pairs in NExt(S4:), where €, = (2,
and S5; = S4; @ (p — OOp)

L)
<)

Lemma

Let L € NExt(S4:). Then the following are equivalent:
e L is an iterated splitting in NExt(S4;)
e Le NEXt(S5t) U {S4t}

’ S4t
. N EXt(S4t)
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lterated splittings in NExt(S4;)

Recall from [Kracht, 1992] that (Log(€2), S5¢) and (Log(o),
are the only two splitting pairs in NExt(S4:), where €, = (2,
and S5; = S4; @ (p — OOp)

Le)
<)

Lemma

Let L € NExt(S4:). Then the following are equivalent:
e L is an iterated splitting in NExt(S4;)
e Le NEXt(S5t) U {S4t}

Theorem NExt(S4;)

Every iterated splitting in NExt(S4;) is strictly Kripke-complete
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Degree of Kripke-incompleteness in NExt(S4¢)

Non-iterated splittings in NExt(S4;)

Take any non-iterated splitting L in NExt(S4;).
It suffices now to prove that deg(L) = 2%

To make the idea precise, let us focus on a
concrete logic Lo = S4; ® OOp — Olp
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Degree of Kripke-incompleteness in NExt(S4¢)

Non-iterated splittings in NExt(S4;)

Take any non-iterated splitting L in NExt(S4;).
It suffices now to prove that deg(L) = 2%
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Non-iterated splittings in NExt(S4;)

How to construct 2% logics in [L]f, for
arbitrarily chosen non-iterated splitting L?

For each L, construct IF,L by replacing §o with
1, where §; € Fin,(S4¢), p € L\ S4,

SL, wi FE 2 and up §Z Rénd((p)[WL]

Theorem

For all distinct I,J C 7T,

LN Log(F;) # LN Log(Fy)

R&"d(w)[WL]

As a corollary, we see deg(L) = 2% for all
non-iterated splittings
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Final piece of our proof

Lemma
Let L be a proper extension of S4; and ¢ € L\ S4;. Then
@ o is refuted by some non-symmetric & € Fin,(S4;)

e for all n € w, there exists § = (X, R) € Fin,(S4;) and x € X such that §, x [~ ¢ and
(RUR™)"[x] # X
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Conclusions

Blok's dichotomy theorem is generalized from NExt(K) (also NExt(K;)) to NExt(S4:)

Future works:
@ Degree of Kripke-incompleteness for other lattices of logics, say, NExt(S4.3;) or Ext(IPC)
@ Degree of incompleteness w.r.t other semantics, for example, topological semantics

@ Back to the basic modal case :)
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A short review of my research at the ILLC
Lattices of tense logics
| started with studying pretabularity in NExt(S4;)

Theorem

For all k < Rg or k = 280, there exists L € NExt(S4.) such that there are exactly k
Kripke-complete pretabular extension of L

Then | turn to investigate the degree of incompleteness

Now I'm working with T. Takahashi on undecidability of logical properties:

Theorem
Consistency is undecidable in NExt(K4;) J
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A short review of my research at the ILLC

Amalgamation and interpolation

I'm working on the amalgamation property in NExt(S5 x S5) with N. Bezhanishvili

@ We obtain a full characterization of logics in NExt(S5 x S5) which have the
amalgamation property

@ There exists only 18 logics in NExt(S5 x S5) having the amalgamation property
Amalgamation property in the lattice Ext(biGD) of bi-intuitionistic logics (with R. N. Almeida)

@ We obtain a full characterization of logics in Ext(biGD) which have the amalgamation
property
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