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Introduction
900000000

Logical Principles

The following principles are classically valid but not provable in
intuitionistic theories:

PEM (the principle of excluded middle) : ¢ VV —p;
DML (the De Morgan law) : =(¢ A ) — = V —);
DNE (the double negation elimination) : == — ¢;

WPEM (the weak principle of excluded middle) : =¢ V ==;
WDML (the weak De Morgan law) : =(—p A =) — == V ==,
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Arithmetical hierarchy over HA + ¥ ,_;-DNE

I
> -PEM

Y -WPEM
y,-DNE
\ Y -DML
/

> -WDML
I

Y 1-PEM : 3xA¢(x) V =3xAs(x);
Y1-DML : =(3xAo(x) A TyBo(y)) — —3IxAo(x) V —IyBy(x);
Y 1-DNE : =—3xA¢(x) — IxAg(x).

Y 1-WPEM : =3xA(x) V =—3xAg(x);

Y1-WDML : =(=3xAo(x) A =3yBo(y)) — ——3IxAo(x) V ~=3yBy(x).
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Arithmetical hierarchy over HA + ¥ ,_;-DNE
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Remark. In constructive mathematics, > ;-PEM, ¥;-DML and
Y ;-DNE are known as LPO, LLPO and Markov's principle
respectively.
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Arithmetical hierarchy over HA + ¥ ,_;-DNE

PEM
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By sophisticated use of proof interpretations and models of
finite-type arithmetic, one can obtain a lot of saparation results
between the ¥ ;-fragements of the logical principles over HA.
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Separation by Kripke Models (for n = 1)

——p — p is not valid in IPC-Kripke model Ko = (Kp, <o, IFo):

P 1

0.

On the other hand, =g V =—q is valid in any Kripke model
with the frame Kj.
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A Proof of HA + WLEM ¥ 3{-DNE

m Let IxAo(x) be Ix Proofpa(x, [0 = 1]).
m Consider the following Kripke model Kf* of HA:

M 1

0.

where the domain and evaluation for 0 are given by the
standard model w of PA and those for 1 are given by a
non-standard model M of PA + 3xAq(x).

m Then KHA I —=3xA¢(x) — IxAg(x).

m On the other hand, a schema —p V == is valid in KCHA.

m By the soundness of Kripke semantics for intuitionistic
predicate logic, we have HA + WPEM ¥ ¥9-DNE.

O]
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Separation by a Kripke Model refuting WPEM

—p V =—p is not valid in IPC-Kripke model K7 = (K1, <1,IF1):
1 \ / 2

0 :
On the other hand, =(g A r) = —q V —=r and =—s — s are

valid in any Kripke model with the frame Kj such that the
evaluation for 2 is the same as that for 0.

p
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HA + S0-DML + X0-DNE ¥ $0-WPEM

m Let IxAo(x) be Ix Proofpa(x, [0 = 1]).
m Consider the following Kripke model Kt of HA:

M 1\0/2

where the domain and evaluation for 0 and 2 are given by
the standard model w of PA and those for 1 are given by
a non-standard model M of PA + IxA(x).

m Then KCHA ¥ —IxAg(x) V ~—IxAg(x).

m On the other hand, the schemata X{-DML and X9-DNE
(for £9-formulae) are valid in KA.

m By the soundness of Kripke semantics for intuitionistic
predicate logic, we have
HA + X{-DML + X0-DNE ¥ X0-WPEM. [
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Separation by a Kripke Model refuting DML

=(pV q) = —pV —q is not valid in IPC-Kripke model
K2 = (K2, <2,1F2):

p 1\q2/3
0

On the other hand, =—r — r is valid in any Kripke model with
the frame K, such that the evaluation for 3 is the same as
that for 0.
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HA + X0-DNE ¥ S0-DML

m Let IxAo(x) and IxBy(x) be X;-formulae which are
independent and consistent with PA.
m Consider the following Kripke model KH* of HA:

SN
0
where the domain and evaluation for 0 and 3 are given by
w and those for 1 and 2 are given by non-standard models
M;j and M; s.it. My . PA + 3xAo(x) + =3xBy(x) and
My =c PA + 3xBy(x) + —3xAo(x) respectively.
m [CHA I —(IxAo(x) A IxBo(x)) — =IxAg(x) V =IxBo(x).
m X)-DNE is valid in 5.
m By the soundness of Kripke semantics for intuitionistic
predicate logic, we have HA + X0-DNE ¥ 30-DML. [ ,,,




Last Slide of my Talk at [LLC on 28 June 2019

m An ongoing joint work with Hajime Ishihara, Takako
Nemoto, Nobu-Yuki Suzuki and Keita Yokoyama:

We are trying to construct a general machinery to apply
the simple Kripke models which separate the logical
principles in propositional logic for the separations of the
Y 9-restrictions of the logical principles in arithmetic.
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A Meta-theorem for Separation by Kripke Models
(o] lele]ele]e]

Meta-theorem. (Ishihara-Nemoto-Suzuki-Yokoyama-F. 2023)

Let £ = (K, <,IF) be a finite IPC-Kripke model s.t. the
induced frame (/ic, <x) is a rooted tree and the induced
extended frame & is locally directed. If ICIff ¢, then for all n,

HA + %, 1-PEM + L(K, <) + £-T (&) I Lo

A crucial idea underlying this meta-theorem is to restrict
possible evaluations on the Kripke frame by using the
extended frame generated by a g|ven Kripke model.

O ~ 0] =[2]
lCl (I’CNS’Cl)

[k] :={k" € Ki | k € U <> K € U for any evaluation set U of K1}. ,, ,,



A Meta-theorem for Separation by Kripke Models
[e]e] le]ele]e]

Definition (Ishihara-Nemoto-Suzuki-Yokoyama-F. 2023)

An extended frame £ = ((K, <), f,(/,<;)) is a triple of frames
(K, <) and (/,<;), and a monotone mapping f between them,
that is, k < k" implies f(k) <, f(k’) for each k, k' € K.

m Each IPC-Kripke model Z = (/, <;,IF) induces an
IPC-Kripke model K¢ 7 = (K, <,lF¢ 1) by defining

klrez p e f(k) I p

for each k € K and propositional variable p.

m A propositional formula ¢ is valid on £ if K¢ 7 I-¢ 1 ¢ for
each IPC-Kripke model Z = (/, <;,IF), that is, for each
valuation |- on (/, <;); we then write £ = .

m For an extended frame &, define T(€) :={p | £ E ¢}.
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A Meta-theorem for Separation by Kripke Models
[ee]e] lele]e]

m For a frame (K, <), the set

LK, <) ={¢ | (K. <) E ¢}
of propositional formulae is an intermediate propositional
logic.

m In contrast, for an extended frame £, T(&) is not an
intermediate propositional logic in general. In particular,
T (&) may not be closed under substitution.
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A Meta-theorem for Separation by Kripke Models
[ee]ele] Tele]

m Let £ = (K, <,IF) be an IPC-Kripke model, and define a
set ®x of upward closed subsets of K by

O ={{ke K| klFp}|peV}.
m Define binary relations < and ~x on K by

k <k k' = k € U implies k' € U for all U € ®,
k ~x k' &k mye k' and k' =k k.

m Then =< is a preorder and ~ is an equivalence relation
on K.

m Let I = K/ ~IC, [k]]c <k [k/])g =k < K,
fic(k) := [k]x, where [k] (we sometimes suppress the
subscript ) is the equivalence class of k w.r.t. ~.

m Then & = ((K, <), fc, (Ik, <x)) is an extended frame,
and we call it the extended frame generated by the
IPC-Kripke model K.

14/24



A Meta-theorem for Separation by Kripke Models
0O0000e0
Definition

m For a propositional formula ¢[p1, ..., pm], L,-¢ denotes a

schema ©[x1/p1,- -, Xm/Pm|, Where x1,..., xm are
> ,-formulae of HA, and X-¢ denotes the following
schema of HA :

Vx(11(x) V =h1(x)) A AYX(Ym(X) V —1m(X))
= p[3xtp1(x)/py - -, Ixpm(x)/ Pm]-

m For an extended frame &, X-T(&) is the schema (of HA)
consisting of X~ where ¢ € T(E).
m For k € K, let Tk denote {k' € K | k < k'}.

m An extended frame & is locally directed if f~2(1/) N1k is
directed for all i € | and k € K, that is, for each i € |
and k € K, if I,I' € f~1(1i) N1k, then there exists
I" € f~Y(+i) N1k such that /" < [ and I” < /'.
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A Meta-theorem for Separation by Kripke Models
O00000e

Meta-theorem. (Ishihara-Nemoto-Suzuki-Yokoyama-F. 2023)

Let £ = (K, <,IF) be a finite IPC-Kripke model s.t. the
induced frame (/ic, <x) is a rooted tree and the induced
extended frame & is locally directed. If ICIff ¢, then for all n,

HA + ¥,_1-PEM + L(K, <)* + X-T(Ex) i To-p,

where L(K, <)* is the set of schemata of ¢[¢1/p1, ..., Ym/Pm]
for propositional formulae ¢[p,. .., pm] € L(K, <).
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Meta-theorem. (Ishihara-Nemoto-Suzuki-Yokoyama-F. 2023)

Let £ = (K, <,IF) be a finite IPC-Kripke model s.t. the
induced frame (/ic, <x) is a rooted tree and the induced
extended frame & is locally directed. If ICIff ¢, then for all n,

HA + %, 1-PEM + L(K, <) + £-T (&) ¥ oo,
where L(K, <)* is the set of schemata of ¢[¢1/p1, ..., Ym/Pm]
for propositional formulae ¢[p,. .., pm] € L(K, <).

Corollary. (De Jongh's theorem)

If lps ..., pm] ¢ IPC, then HA ¥ ©[x1/p1, . .., Xm/Pm] for
some ¥ ;-formulae x1, ..., xm of HA.
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Meta-theorem. (Ishihara-Nemoto-Suzuki-Yokoyama-F. 2023)

Let £ = (K, <,IF) be a finite IPC-Kripke model s.t. the
induced frame (/ic, <x) is a rooted tree and the induced
extended frame & is locally directed. If ICIff ¢, then for all n,

HA + %, 1-PEM + L(K, <) + £-T (&) ¥ oo,
where L(K, <)* is the set of schemata of ¢[¢1/p1, ..., Ym/Pm]
for propositional formulae ¢[p,. .., pm] € L(K, <).

Corollary. (De Jongh's theorem)

If lps ..., pm] ¢ IPC, then HA ¥ ©[x1/p1, . .., Xm/Pm] for
some ¥ ;-formulae x1, ..., xm of HA.

Observation.

The X ,-substitution instances of PEM, WPEM, DML,
WDML, DNE can be separated uniformly by the technique.
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A Case Study: 6 Linearity Axioms

LIN; : (¢ = ¥) V (¥ — ¢);

LINy : (¢ — ) V (¢ — ¢).

LIN3 : (- — =) V (= — =),

LIN, : (mp = =) V (=) — —p);
LINs : (= — ==p) V (m=1p = ==p);
LINg : (¢ = ==9) V (== — o).

Fact. (Hierarchy of Intermediate Propositional Logics)

PEM = DNE D LIN; 2 WPEM = DML = WDML = LIN,
= LIN3 = LINy = LIN5; = LINg.

17/24



A Case Study on Linearity Axioms
(o] lelele]e)

Derivations and Substitutions

A set L of propositional formulae s.t. IPC C L C CPC is called
intermediate propositional logic if the following hold:

if o —1 and ¢ are in L, then ¢ is in L;

if ¢ is in L, then any substitution instance of ¢ is in L.

PE’/\ Devivation wit lvgic
7 k ¢
DNE. WPEM LIN,—LIN,

LIN‘ S‘M'N'flfu'hom
D ML - LIN - Lll\/a" LZH

WDML Delnvomvn W.k.t. apithmetic
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HA +%,-DML + > ,_1-DNE = X ,-LINj.

Proof. Fix ¥ ,-formulae ¢; and ¢,. W.l.o.g, assume n > 0. We show
(¢1 = ©2) V (w2 = ¢1) within HA + X ,-DML + ¥,_;-DNE. Let ¢; and
2 be Ixp](x) and Ixph(x) where ©}(x) and ¢5(x) are M,_;-formulae
respectively. Consider the following formulae:

hi(x) = ph(x) AVy < x=p5(y);

Ya(x) = @5(x) AVy < x=p1(y)-
Then we have HA F —(3xt1(x) A Ixapa(x)) trivially. Since —¢5(y) and
-} (y) are equivalent to some X,,_;-formulae respectively in the presence
of £,_1-DNE, we have thatVy < x—¢5(y) and Yy < x—¢}(y) are
equivalent to some ¥ ,_;-formulae respectively. Therefore we have that
Ixyh1(x) and Ixapa(x) are equivalent to some X ,-formulae respectively in
our theory. Applying ¥ ,-DML, we have —=3Ix1)1(x) V =3xtha(x). In the
former case, if ¢{(x), then we have —Vy < x—ph(y), equivalently,
—=3y < xph(y). Then we have Ty < xph(y) by using ¥ ,_1-DML and
Y ,—2-DNE. Thus we have shown 3x¢](x) — Ixph(x). In the latter

case, we have Ixph(x) — x| (x) similarly. 19/24



A Case Study on Linearity Axioms
[e]e]e] le]e)

Arithmetical hierarchy over HA + ¥ ,_;-DNE

I
>, PEM

,,WPEM > ,-LINy, > ,-LIN,
~DNE X, LIN6

Z DML > ,-LINy, > ,-LIN3, > ,-LINs

> - WDM
I

Y 1-LINe : (3xAo(x) — —=—=3yBo(y)) V (=—=3yBo(y) — IxAo(x)).
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A Case Study on Linearity Axioms
0000e0

Theorem.
HA + ¥ ,-DML + ¥, ;-PEM t/ ¥ ,-LINg.

Proof Sketch.
Apply the above-mentioned meta-theorem to the IPC-Kripke
model K3 = (K3, <s,IF3) given in the following figure:

P, q T >3]
I |
P 1\ /2 ~[1]
.
O - [0] = [2]
ﬁC3 (bC37<:Kb)
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Hierarchy of Our Axioms w.r.t Logic & Arithmetic

PEV\ Derivation wit lvgic
DNF WFEM LIN, > LIN,

LIN(, Substitutipn
D ML — LIN - Lll\/;" LZH

P gl

wiML“ Devivetion w.r.t. apithmetic
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Appendix
[ 1]

An Example which is not an Intermediate Logic

The theory T (Ex,) generated by the previous IPC-Kripke
model /C; is not closed under substitution:

p 1\/2 “ 1]
|

O - [0] = [2]

K:l (hC1’f§Kh)

m It is straightforward to see LIN; € T (E,).

m LIN, ¢ T (Ex,):
Consider a IPC-Kripke model 7 := (Ix,, <k,,IF) with
[0] ¥ g, r but [1] I g, r. Then we have

0Wee 1 (g — —r)V(-r—q).
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