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Characterizing dependencies among quantified variables

N\
Yu3dvvxdy o

Yu Jv
<Vx3y>¢

meaning 3f3gvVuvxe(u, x, f(u)/v,9(x)/y)

Henkin Quantifiers (1961):

Independence-Friendly Logic (Hintikka and Sandu, 1989):
Yuavvx(3y/u)e
(Enderton, Walkoe, 1970)

first-order logic+Henkin quantifiers = existential second-order logic (ESO)
= independence-friendly logic
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Dependence atoms (Vaananen 2007)

“x completely determines y”

:(X’y)
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Dependence atoms (Vaananen 2007) & team semantics (Hodges 1997)

y = f(x) = x*
Given a model M, and an assignment s : Var — M,

M ;s “x completely determines y”??
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Dependence atoms (Vaananen 2007) & team semantics (Hodges 1997)

(v2.2)

y=1f(x)=x
Given a model M, and an assignment s : Var — M,

M ;s “x completely determines y”??
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Dependence atoms (Vaananen 2007) & team semantics (Hodges 1997)

1y

X y z
so| V2 2 0
si| vV2 2 1

V2,2
AYED S| -2 4 V2
s3] -2 4 2
4 3X4 Sy | —V2 2 0

A team: a set of assignments s: V — M
y = f(x) = x*

Given a model M, and a team X,
M [=x “x completely determines y”  iff forall s,s’ € X,

s(x) = §'(x) = s(y) = '(y).
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Dependence atoms (Vaananen 2007) & team semantics (Hodges 1997)

1y

X y z
S| V2 2 0
sy | V2 2 1

V2,2
Ak S| -2 4 2
s3] -2 4 2
4 3X4 Sy | —V2 2 0

A team: a set of assignments s: V — M
y = f(x) = x*

Given a model M, and a team X,
M E=x=(x,y) iff forall s,s' € X,
s(x) = s'(x) = s(y) = s'(y).
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Dependence atoms (Vaananen 2007) & team semantics (Hodges 1997)

1y

X y z
S| V2 2 0
sy | V2 2 1

V2,2
Ak S| -2 4 2
s3] -2 4 2
4 3X4 Sy | —V2 2 0

A team: a set of assignments s: V — M
y = f(x) = x*

Given a model M, and a team X,

M E=x =(X,y) iff forall s, s’ € X,
s(X) = §'(X) = s(y) = ().
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Connection with database theory

x y z v
S|l c d a a
s;|lc d a b
Ss|la e ¢ ¢
s3/a e ¢ d

@ A team can be viewed as a relational database.

@ Dependence atoms =(X, y) correspond exactly to functional
dependencies X — y in database theory

@ Armstrong’s Axioms (1974) for functional dependencies:

o =(%,X) (identity)
e =(Xy,Z)implies =(yX, 2) (commutativity)
e =(XX,y) implies =(X,y) (contraction)
e =(y,Z)implies =(Xy, Z) (weakening)
e =(X,y)and =(y,Z) imply =(X, Z) (transitivity)
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Dependence Logic (FO(=(...)))

@ First-order logic (FO):

ax=t=t|Rf|-alara|aVal|Ixa|Vxa

@ Dependence logic (Vaananen 2007):

first-order logic + =(X, ¥)
5
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Dependence Logic (FO(=(...)))

@ First-order logic (FO):

ax=t=t|Rf|-alara|aVal|Ixa|Vxa

@ Dependence logic (Vaananen 2007):

pr=a|-aloANd| oV |Ixp | VX |=(X,))
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Team semantics

Let X be ateam, i.e., a set of assignments s : Var — M.
@ MEx=(X,y)iffforall s,s" € X: s(X) = s'(X) = s(¥) = s'(y).
@ M Ex aiffforall s € X, M =s o, whenever « is a first-order formula

@ M Ex —aiffforall s € X, M s a, whenever « is a first-order formula
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Team semantics

Let X be ateam, i.e., a set of assignments s : Var — M.
@ MEx=(X,y)iffforall s,s" € X: s(X) = s'(X) = s(¥) = s'(y).
@ M Ex aiffforall s € X, M =s o, whenever « is a first-order formula
@ M Ex —aiffforall s € X, M s a, whenever « is a first-order formula
@ MExpANYiff MiEx ¢ and M =x 4.
@ MEx ¢V iffthere exist Y, ZC Xwith X=YUZstMEy ¢ & M =7 9.
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Team semantics

Let X be ateam, i.e., a set of assignments s : Var — M.

M Ex=(X,y) iff for all s,s' € X: s(X) = §/(X) = s(¥) = §'(¥).
M =x aiff forall s € X, M =5 «, whenever « is a first-order formula

M =x -« iff for all s € X, M |5 a, whenever « is a first-order formula

M)quﬁ/\wlffMIZ)((bandMIZ)(w

ME=x ¢V iffthere exist Y, ZC X with X=YUZst. My ¢ & M =z 4.

=N W X
= N|O A<
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Team semantics

Let X be ateam, i.e., a set of assignments s : Var — M.
@ MEx=(X,y)iffforall s,s" € X: s(X) = s'(X) = s(¥) = s'(y).
M E=x o iff for all s € X, M =5 a, whenever « is a first-order formula
M =x -« iff for all s € X, M |5 a, whenever « is a first-order formula
MEx ¢ ANy iff MEx ¢ and M =x 4.
ME=x ¢V iffthere exist Y, ZC X with X=YUZst. My ¢ & M =z 4.

M =x 3ve iff M |=xF vy ¢ for some F: X — (M) \ {0}, where
X(F/v)={s(a/v)|se Xandac F(s)}.
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Team semantics

Let X be ateam, i.e., a set of assignments s : Var — M.
@ MEx=(X,y)iffforall s,s" € X: s(X) = s'(X) = s(¥) = s'(y).
M E=x o iff for all s € X, M =5 a, whenever « is a first-order formula
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M =x 3ve iff M |=xF vy ¢ for some F: X — (M) \ {0}, where
X(F/v)={s(a/v)|se Xandac F(s)}.
M =x Vv ift M =xmm)v) ¢, where X(M/v) = {s(a/v) |s € X&a c M}.
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Team semantics

Let X be a team, i.e., a set of assignments s : Var — M.

@ MEx=(X,y)iffforall s,s’ € X: s(X) = s'(X) = s(¥) = s'(y).

M =x o iff for all s € X, M =5 a, whenever « is a first-order formula

M Ex -« iff for all s € X, M ~s o, whenever « is a first-order formula
MEx ¢ A iff MEEx ¢ and M =x 1.

M E=x ¢V iff there exist Y, ZC X with X=YUZ st M=y ¢ & M =7 9.

M =x 3ve iff M =xF vy ¢ for some F : X — (M) \ {0}, where
X(F/v)={s(a/v)|se Xand ac F(s)}.
M =x Vv itt M =xmm)v) ¢, where X(M/v) = {s(a/v) | s € X&a c M}.

Empty team property: M =g ¢.
Downward closure: Ml=x gand Y C X = M vy ¢.
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Defining infinity

/’ >

M| = oo iff §|f;</.\ /\ iff M E o

\ -

@ An existential second-order (ESO) sentence:

I IVxoVx1 ((F(X0) = F(X1) = Xo = X1) A (f(X0) # V))
@ An FO(=(...))-sentence:

e 1= PN =001 (v 7 7))

3f fis 1-1

In general, ESO = FO(=(...)):
IVXa(X, (Xi)) = VXIY(=(X;, ¥) A a(X, y)).
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Defining infinity

—~ >~

M| = oo iff §|f;</.\ Dt MEda

~ -

@ An existential second-order (ESO) sentence:

I IVxoVx1 ((F(X0) = F(X1) = Xo = X1) A (f(X0) # V))
@ An FO(=(...))-sentence:

e 1= YO N 0| (v 2 )

3f fis 1-1

In general, ESO = FO(=(...)):

k
VXX, (%), (X)) = VXY N\ =%, 1) A a(X, 7).

i=1
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FO(=(...)) = ESO

Theorem (Vaananen 2007)
For any ESO-sentence ¢, there is an FO(=(...))-sentence x, such that

ME¢ <= ME xg

and vice versa.

Proof (Idea).

® ESO = FO(=(...)):

IX(X, (K, - -, (k) = VXIF(N\ =(X, ¥i) A alX, 7).

>

j=1

@ FO(=(...)) = ESO(R) : [Rmk: free variables v ~- teams ~- relations]
E.g., xovy(R) = 3SIT(VV(RV <> SV V TV) A xo(S) A xy(T)). O

Recal: Ml=x o v iff Y, Z C Xwith X =Y UZ st M=y ¢ &M=z . )
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FO(=(...)) = ESO

Theorem (Vaananen 2007)
For any ESO-sentence ¢, there is an FO(=(...))-sentence x, such that

ME¢ = ME Xy

and vice versa.

Proof (ldea).

® ESO = FO(=(...)):

k

VXX, (%), - (X)) = VXIF(J\ =(%, 1) A (X, 7)) -
i=1

@ FO(=(...)) = ESO(R) : [Rmk: free variables V ~ teams ~- relations]
E.g., X(i)\/z/)(R) = HSHT(VV(RV EAY T\?) A X¢(S) A Xw(T)) []

Recall: M =x ¢V ¢ iff 3Y,Z C X with X = YUZst. My ¢ &Mz . |
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Independence logic (Gradel, Vaananen 2013)

o MEx X Ly iff foralls, s € X, there exists s” € X such that
s"(X) = s(X) and s"(y) = s'().

X y z
sla b e

Xé/ sglec d d
c b e

s''a d a

@ ESO(RY) = FO(=(...)) < FO(L) = ESO(R)
(Kontinen, Vaananen 2009) (Galliani 2012)
@ Over sentences, FO(L) = FO(=(...)) = ESO (Gradel, vaananen 2013)

Cor. Neither FO(=(...)) nor FO(.L) is (effectively) axiomatizable.

q9/21



Partial axiomatizations

N6 <= r=o

Two approaches:
@ Consider weaker fragments of the logics:
(Kontinen, Y. 2022) C.f. (Baltag, van Benthem 2021)

@ Consider weaker consequence relations - C o(Form) x Formy,
where Formg C Form
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Axiomatizing essentially first-order consequences

Theorem (Kontinen, Vaananen 2013 & Hannula 2015)

There are (sound) natural deduction systems for FO(=(...)) and FO(L)
such that

N=a < lNra
for any set T of sentences and any first-order sentence c.
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There are (sound) natural deduction systems for FO(=(...)) and FO(L)
such that

N=a < lNra

for any set I of formulas and any essentially first-order / negatable
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Axiomatizing essentially first-order consequences

Theorem (Kontinen, Vaananen 2013 & Hannula 2015)

There are (sound) natural deduction systems for FO(=(...)) and FO(L)
such that
N=a < lNra

for any set T of sentences and any first-order sentence c.

Observation: Assuming I' ¥ «, we want to show I |~ «, which is
equivalentto {x, | v € '} I~ xa{xy | ¥ € T}, 7Xa & L, Wwhere x, and
Xao are the ESO-translations of v and « respectively, and x,, is
equivalent to a first-order formula. It then suffices to find a -model M
for the set

{xy |7 eTtU{xa}={3R"Y" [y €TFU{Xa}-
This can be reduced to finding a 7({R, )er)-model (M, (RM)..cr) for
the set

{7 v eTtU{xa}

of first-order sentences, which can in principle be done within

first-order logic.
11/21



Some rules for FO(=(...))

Jyvxé(x, y, V)

- I
DT NG
o] [¥]
& & E :
VY Vi oV VI PV Y aoz ® e
a is first-order
X1y
Example: =(x, y)vV=(x,y) F==(x, y). alb
alc

Prop (conservative extension). For any set A U {a} of FO-formulas,

AFpa <= A '_FO(=( )) &

19/21



Partial completeness theorem

Theorem (Kontinen, Vaananen 2013)
For any setT of FO(=(...))-sentences and any first-order sentence «,

NEa < lN-a.
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Proof sketch (Kontinen, Vaananen 2013)

@ Every FO(=(...)-sentence is (semantically and provably) equivalent
to a formula of the form ¢ = VX3¥(/\ =(x. ;) A a).
iel
@ There is a first-order infinitary sentence v, (called the game
expression of ¢) s.t. for any countable model M,

ME ¢ < M.
© ~, can be approximated by some first-order sentences 75 (N < w)
in the sense that for any recursively saturated (or finite) model M,
M= vy <= ME~jforalln<w.
We also have ¢ - 'yg.

@ For any set ' U {a} of FO(=(...))-sentences with « first-order,
M¥a=T"Fawherel™ ={y;|pelandn<w}
= [* %FO «
= " U {—a} has a finite or cnt. and rec. sat. model M
— U {—«a} has a model M, and thereby I £ . [
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The game expression in FO(=(...))

Consider ¢ = Vxv3y(=(x,y) A a(x, y, V)).

15/21



The game expression in FO(=(...))

Consider ¢ = Vxv3y(=(x,y) A a(x, y, V)).

>
- WN = O

X

v

y

15/21



The game expression in FO(=(...))

Consider ¢ = Vxv3y(=(x,y) A a(x, y, V)).

M

:(X7y)

- W= O

X

v

y

15/21



The game expression in FO(=(...))

Consider ¢ = Vxv3y(=(x,y) A a(x, y, V)).

M

:(X7y)

- WwhNh =+ O

X

v

y

15/21



The game expression in FO(=(...))

Consider ¢ = Vxv3y(=(x,y) A a(x, y, V)).

M

:(X’y)

- WwhNh = O

X

v

y

15/21



The game expression in FO(=(...))

Consider ¢ = Vxv3y(=(x,y) A a(x, y, V)).

M

:(X’y)

- WwhNh = O

X

v

y

15/21



The game expression in FO(=(...))

Consider ¢ = Vxv3y(=(x,y) A a(x, y, V)).

M

:(X’y)

- WwhNh = O

X

v

y

15/21



The game expression in FO(=(...))

Consider ¢ = Vxv3y(=(x,y) A a(x, y, V)).

X v|y

MEx =(xy)

- W= O

Yo = VXovo3Yo (a(XoVoyo)A
Yxyvidys (a(xqvays) A (Xo = X1 = Yo = y1)A
VxpVo3yz (a(XaVayz) A (Xo = X2 = Yo = ¥2)
AX1 = X2 = y1 = y2)A
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Thm. If Mis countable, then M |= ¢ <= M = ;.
Thm. If M is recursively saturated (or finite), then
Mg~y <= ME~]foralln<w.
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Applications

Theorem (Kontinen, Vaananen 2013)
For any setT of FO(=(...))-sentences and any first-order sentence «,

NEa < ko

Application examples:

@ ¢ F ¢>pforall n e w, where ¢, states “the model has > n
elements”

@ Onwr b 3X1 ... 3xXn(X1 < -+ < Xn), Where ¢p, States “< is not
well-founded”

Next: Generalization using “negation”.

16/21



Closure under negation

FO(=(...)) = FO(L) = ESO are not closed under (weak) classical
negation, where

@ Classical negation: M Ex ~ ¢ iff M Ex ¢
@ Weak classical negation: M =x ~ ¢ iff either X =0 or M [£x ¢

Fact: Since M =y ¢, M [y~ ¢. Thus, ~ ¢ # ¢ for any ¢ in FO(=(...))
or FO(L).

Def. We say that ¢ is negatable in L if ~ ¢ = ¢ for some L-formula . )

Fact: In general, —a # ~ « for arbitrary formula « in FO.
The negation —¢ is not well-defined for arbitrary formulas ¢ in
FO(=(...)) and FO(1).
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Negatable formulas

Theorem (Y. 2019)

Let ¢ be a formula of FO(_L). TFAE:
@ ¢ is negatable in FO(L).

@ The ESO-translation x +(R) of ¢ is equivalent to a first-order
formula.

Proof. By the Interpolation Theorem of first-order logic. Ol

Fact: The class of negatable formulas is undecidable.

Example:

@ First-order formulas « are negatable in FO(L), as
Xa(R) = VX(R(X) — a(X)). In particular,
~a(V)=3X(X C VA-a(X)), where X C v is the inclusion atom

@ Dependence and independence atoms are negatable in FO(_L),
and their weak classical negations are uniformly definable.

@ There is a hierarchy of negatable formulas 6 in FO(_L) for which
~ 6 can be defined uniformly. (Y. 2019)
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More general partial completeness with negatable formulas

Theorem (Y. 2019)

LetT U {6} be a set of formulas of L, where 0 is negatable in L. We
havethat T =6 < T 6.

Proof. Since the logic L is compact (Quadrellaro, Puljujarvi 2022), we
may w.l.o.g. assume that I is finite. Then, we have that
=60 = T,~0 = L, where ~ 6 stands for the L-formula ¢ = ~ 6
= IX(AT A~0) = L, where X lists all free variables
= IX(ATA~0)FL L (bythe completeness thm)

= [,~0F L (by the rule 31)
=TI 0 O [~ 6]
New rule:
1
5 RRA

@ Dependence and independence atoms are negatable in FO(L).
~~ Armstrong’s axioms for functional dependencies, and Geiger-Paz-Pearl
axioms for independence are derivable in FO(L).
~» some facts concerning independence notions in quantum theory are
derivable. (Abramsky, Puljujarvi, Va&nanen 2021) 19/
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@ Arrow’s Impossibility Theorem is derivable in the system of FO(_L), i.e.,
I ¢dictator orfl,~ ¢dictator L. (Pacuit, Y. 2016)

@ IfI = 1, thenT - L. (Cf. Hintikka 1996)
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Even more general, with essentially negatable formulas

LetT U {0} be a set of formulas of L, where 6 is negatable in L. We
have that T =60 < T 0.

Proof. Since the logic L is compact (Quadrellaro, Puljujarvi 2022), we
may w.l.0.g. assume that I' is finite. Then, we have that
N=60=T,~0F L, where ~ ¢ stands for the L-formula ¢ = ~ 0
= IX(AT A~0) = L, where X lists all free variables
= IX(AT A~0) . L (bythe completeness thm)
= [,~0F L (by the rule dlI)
=Tk 0. O ]

New rule:

1
0 RRA
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Even more general, with essentially negatable formulas

LetT U {0} be a set of formulas of L, where 6 is essentially negatable
inL. We have that T =60 < Tk 0.
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may w.l.o.g. assume that I is finite. Then, we have that
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Def. A formula 6 is said to be essentially negatable in L if there exists a
formula ¢~ inLsuchthat =60 < T,0° = L. J
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* .
— I l_L 0. O 0%
) : 1 .
Example: Formulas ¢ in FO(V') and pseudo-flat New rule:
sentences are ess. negatable in L = FO(=(...),¥',3",v) 1
& 6™ = —6* (Kontinen, Y. 2022) g RRA

Def. A formula 6 is said to be essentially negatable in L if there exists a
formula 9~ inLsuchthat Tl=60 < T,0° = L. J
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Another approach: finding weaker fully axiomatizable fragments

@ (Baltag, van Benthem 2021, JPL)
A “simple” logic for functional dependence

— fully axiomatizable, and decidable

@ (Kontinen, Y. 2022, JSL)
A “first-order” version of team logic (FOT):
pu=RA [ t=t|XCV|~o|(0n0)](6Ve) ]3|V X0
where X C y is the inclusion atom, \v is the inquisitive disjunction,
v! and 3" are weaker quantifiers.

— FOT = FO(R), and dependence and independence atoms are
definable in FOT
— fully axiomatizable (a complete deduction system given)
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