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Overview

‚ Introduction
‚ Motivation: monads and monad compositions

‚ How to: No-go Theorems
‚ including proof of 50 year old problem!

‚ A crucial step

‚ What I am doing now

‚ Conclusion
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Motivation: monads and monad compositions

A monad is a categorical structure used for:

‚ Modelling of data structures (lists, trees, etc)

‚ Modelling of computation (exception, reader, writer, etc)

Compositions of monads allow simultaneous modelling of multiple
computational aspects.
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Monads: Monoids in the category of endofunctors

A monad is a triple xT , η, µy, with T an endofunctor and η : 1 ñ T ,
µ : TT ñ T natural transformations, such that:

T TT TTT TT

TT T TT T

ηT

Tη Id µ

Tµ

µT µ

µ µ

Examples:

‚ List

‚ Multiset/Bag

‚ Powerset

‚ Distribution

‚ Exception

‚ Writer

‚ Reader

‚ State
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Composing Monads

‚ Find ηTS , µTS such that xTS, ηTS , µTSy is a monad.

‚ Good candidate for ηTS :

ηTηS : 1 ñ TS

‚ Same for µTS?

‚ Need:
µTS : TSTS ñ TS

‚ Have:
µTµS : TTSS ñ TS

‚ Solution:
λ : ST ñ TS

‚ If λ is a distributive law, then the above choices form a monad.
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Composing Monads with Distributive Laws

The following composite is a monad - Beck 1969.

xTS, ηTηS , µTµS ¨ TλSy,

where λ : ST Ñ TS is a natural transformation satisfying the
following axioms.

T SST STS TSS

ST TS ST TS

S STT TST TTS

ST TS ST TS

ηST TηS

µST

Sλ λS

TµS

λ λ

SηT ηT S
SµT

λT Tλ

µT S

λ λ
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Examples

There is a distributive law for Powerset over List. It works like the
famous ‘times over plus’ distributivity:

pa ` bq ˚ c “ a ˚ c ` b ˚ c

rta, bu, tcus ÞÑ tra, cs, rb, csu

Many more work like this:

‚ Multiset over itself

‚ List over Multiset

‚ Multiset over Powerset

‚ . . .
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That sounds easy, but...

Problem:

‚ Distributive laws are hard to find.
Ñ time consuming.

‚ Axioms are hard to check (even though they look easy).
Ñ mistakes in the literature!

‚ Distributive laws might not even exist.

My Thesis:

‚ No-go theorems for
distributive laws.

My weapon of choice:

‚ Algebra.
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A quick reminder: algebraic theories

Algebraic theory:

‚ Signature Σ and a set of variables give terms.

‚ Axioms E and equational logic give equivalence of terms.

Monoids:

Σ “ t1p0q, ˚
p2q

u

E “ t1 ˚ x “ x “ x ˚ 1,

px ˚ yq ˚ z “ x ˚ py ˚ zqu

Abelian groups:

Σ “ t0p0q,´
p1q,`

p2q
u

E “ t0 ` x “ x “ x ` 0,

px ` yq ` z “ x ` py ` zq,

x ` y “ y ` x,

x ` p´xq “ 0 “ p´xq ` xu
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The algebraic equivalent of distributive laws

Monads ðñ Algebraic theories
Distributive laws ðñ

Composite theories - Piróg and Staton 2017.
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The algebraic equivalent of distributive laws

Monads ðñ Algebraic theories
Distributive laws ðñ Composite theories - Piróg and Staton 2017.

Example: Composing Abelian groups and Monoids: Rings!

ΣR
“ ΣA

Z ΣM

“ t0p0q, 1p0q,´
p1q,`

p2q, ˚
p2q

u

ER “ EA Y EMY

ta ˚ pb ` cq “ pa ˚ bq ` pa ˚ cq

pa ` bq ˚ c “ pa ˚ cq ` pb ˚ cqu
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The algebraic equivalent of distributive laws

Monads ðñ Algebraic theories
Distributive laws ðñ Composite theories - Piróg and Staton 2017.

‚ Terms can be separated

a ˚ pb ` cq “ pa ˚ bq ` pa ˚ cq

‚ Equality preservation of component theories (essential
uniqueness) - only for two separated terms!

pa ˚ bq ` c “R c ` pa ˚ bq

ô x ` c “A c ` x and a ˚ b “M a ˚ b
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My strategy: no-go theorems for distributive laws

Using composite theories:

‚ Choose theories to compose: T ˝ S.

‚ Assume composite theory exists.

‚ ñ terms can be separated:
sptpx, yq, tpz,wqq “ t1rs1

x{xs

‚ Manipulate terms.

‚ Derive contradiction of form x “ y.

‚ Conclusion: no such theory possible.

‚ List equations in the proof.

‚ ñ No-go theorem.
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How to: Term Manipulation

Proof that in Rings (Abelian groups after Monoids), x ˚ 0 “ 0

‚ Start:
x ˚ 0 “ ?

‚ Substitute 1 for x:
1 ˚ 0 “ ?r1{xs

‚ Simplify lhs (unit):
0 “ ?r1{xs

‚  Two separated terms:
equality holds in component theories.

ñ ? “ 0
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How to: Term Manipulation

Proof that in Gnirs (Monoids after Abelian groups), x ` 1 “ 1

‚ Start:
x ` 1 “ ?

‚ Substitute 0 for x:
0 ` 1 “ ?r0{xs

‚ Simplify lhs (unit):
1 “ ?r0{xs

‚  Two separated terms:
equalty holds in component theories.

ñ ? “ 1
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Gnirs as a first counterexample

There is no composite theory of Monoids after Abelian groups.
Proof:
We know: x ` 1 “ 1
We show: x “ 0

x

tunitu

“ x ` 0

tinverseu

“ x ` p1 ` p´1qq

tassociativityu

“ px ` 1q ` p´1q

tx ` 1 “ 1u

“ 1 ` p´1q

tinverseu

“ 0
Hence for any two variables: x “ 0 “ y
which means any composite theory is inconsistent.
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Some examples from various No-Go Theorems

Powerset ˝ Abelian groups

List ˝ Powerset
List2

Multiset3

Exception ˝ List
Multiset ˝ Rings

Powerset2

Distribution2
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The crucial step

Composite theories give 2 properties:

‚ Separation
Start with term x that is not separated:

x “ ?, where ? is separated.

‚ Equality preservation
Needs equality between two separated terms in normal form.

TODO: obtain a separated term from x.
Previously:

x ˚ 0 Ñ 1 ˚ 0 Ñ 0

Using, for all x:
1 ˚ x “ x
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The crucial step

Trick: shrinking terms to variables or constants creates separated
terms.

sptpx, yq, zq

spx, zq e tpx, yq

Units: x ` 0 “ x
Idempotence: x ˚ x “ x
absorption: x ^ px _ yq “ x
inverse: x ` p´xq “ 0

...
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The delay monad

Combining algebraic effect with guarded recursion,
modeled by the Delay monad L:

LX » X ` �LA

‚ Powerset - Møgelberg and Vezzosi 2021.

‚ Difficult: idempotence vs time steps.

‚ List ✓

‚ Multiset ✓

‚ Reader

‚ State

‚ . . .

‚ ñ General Theory
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Conclusion & What is next

Conclusion and peek into the future:

‚ Not all monads compose via a distributive law.

‚ Algebra provides method to prove counterexamples,
which can be generalised to no-go theorems.

‚ Reducing a term to a variable is a key property for no-go
theorems.

What I am going to do:
‚ Combine algebraic effects with guarded recursion.

‚ List and Multiset: done
‚ Powerset might not be possible.
‚ upcoming: reader, state, ...
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‚ Combine algebraic effects with guarded recursion.

‚ List and Multiset: done
‚ Powerset might not be possible.
‚ upcoming: reader, state, ...
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